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Abstract
The space-time distribution, QA(x, dtdξ) say, of Brownian hitting of a bounded Borel
set A of Rd is studied. We derive the asymptotic form of the leading term of the time-
derivative QA(x, dtdξ)/dt for each d = 2, 3, . . ., valid uniformly with respect to the start-
ing point x of the Brownian motion, which result significantly extends the classical ones
for QA(x, dtdξ) itself by Hunt (d = 2), Joffe and Spitzer (d ≥ 3). The results obtained
are applied to find the asymptotic form of the expected volume of Wiener sausage for the
Brownian bridge joining the origin to a distant point.
1 Introduction and summary of main results
In this paper we primarily focus on the space-time distribution of Brownian hitting of a bounded
Borel set A of Rd expressed as
QA(x, dtdξ) = Px[Bσ(A) ∈ dξ, σA ∈ dt] (t > 0, dξ ⊂ ∂A). (1.1)
Here Px denotes the law of a standard Brownian motion Bt started at x, σA (or σ(A)) the first
hitting time of A by Bt, namely σA = inf{t > 0 : Bt ∈ A}, and ∂A the Euclidian boundary
of A. When A is a disc (d = 2) or a ball (d ≥ 3), the distribution Px[σA < t] or its density
Px[σA ∈ dt]/dt are investigated by several recent works [11], [5], [24],[27] seeking the asymptotic
behavior of them for x /∈ A as t→∞. For general A the asymptotic form of the distribution
Px[σA < t] is given by Hunt [12] for d = 2 and by Joffe [15] and Spitzer [22] for d ≥ 3. Their
classical results may read as follows: if A is compact and Rd \ A is connected, then for each
x ∈ Rd \ A, as t→∞
Px[t < σA] ∼ 2eA(x)
lg t
d = 2, (1.2)
Px[t < σA <∞] ∼ Cap(A)Px[σA =∞] t
−d/2+1
(2π)d/2(d/2− 1) d ≥ 3. (1.3)
where eA is a Green function for the open set R
2 \ A with a pole at infinity and Cap(·) a
Newtonian capacity (see (1.7) and (1.8) below). The latter result is uniform for x in each
compact set of Rd \ A. Of the former one there is given an elementary proof in [7], which
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ensures the uniformity, while Hunt’s proof, resting on a Tauberian theorem, does not. In
[12], [15] and [22] A is assumed compact as in above but the extension to bounded Borel
sets is immediate with a knowledge about measurability question of the hitting time [13], [4],
[1]. M. van den Berg [2] recently improves the result in the case d ≥ 3 by obtaining sharp
remainder estimates. In this paper we derive explicit asymptotic forms of the time derivative
QA(x, dtdξ)/dt as t → ∞ valid uniformly for |x| = o(t) or for t = o(|x|). By easy integration
the asymptotic forms of Px[t < σA < ∞] and Px[σA < t|σA < ∞] can be computed from our
results given shortly in this introduction (see Appendix A.2).
The measure kernel QA(x, dtdξ) plays a significant role in the theory of heat operator.
If A is compact and ΩA denotes the unbounded component of R
d \ A, then QA(x, dtdξ) is
identified with the lateral part of the caloric measure (or parabolic measure) for the heat
operator 1
2
∆− ∂t in the space-time domain D = {(x, t) ∈ Rd × (0,∞) : x ∈ ΩA}, the exterior
of a cylinder (see Appendix A.1). The other part of it is nothing but the measure whose density
is given by the heat kernel for ΩA with Dirichlet zero boundary condition and its (uniform)
asymptotic estimate for large time is recently obtained by [7] for the space variables restricted
to any compact set and by [29] without restriction. The present work is partly motivated
and steered by a study of Wiener sausage swept by the set A attached to a d-dimensional
Brownian motion started at the origin. Our interest is in finding a correct asymptotic form
of the expected volume of the sausage of length t as t → ∞ under the conditional law given
that the Brownian motion at time t is at a given site x which is outside a parabolic region
so that |x|2 > εt for any positive ε. To this end it is needed in our approach to estimate the
density QA(x, dtdξ)/dt; we shall derive asymptotic forms of the expected volume by applying
the results on QA. Fine estimates are obtained in the case when the process is pinned at the
origin by McGillivray [18] (d ≥ 3) and [19] (d = 2) (cf. also [3]) and in the case when d = 2,
the value at time t is pinned within a parabolic region and A is a disc by [25]. There are many
works for the sausage in the unconditional case (see, e.g., the references of [3]).
Let U(a) ⊂ Rd denote the open ball about the origin of radius a > 0. Let A be a bounded
Borel set as above, denote by Ar the set of all regular points of A, i.e., the set of y ∈ A¯ such
that Py[σA = 0] = 1 and put
ΩA = {x ∈ Rd : Px[σ∂U(R) < σA] > 0}
with any R such that A¯ ⊂ U(R). (The over bar designates the Euclidean closure: A¯ = A∪∂A,
where ∂A denotes the Euclidean boundary of A.) The set Ar is Borel and A \ Ar is polar, so
that Px[σA = σAr ] = 1 and Px[Bσ(A) ∈ Ar|σA <∞] = 1 for all x (see e.g. [20], [1]); it is natural
from the view point of intrinsic topology to consider ΩA, which agrees with the unbounded fine
component of Rd \ Ar (see [6], p.370 for what ‘fine component’ means). We always suppose
that Ar has no ‘cavities’ isolated from ΩA:
Rd \ ΩA = Ar, (1.4)
which will require no change of the intrinsic content of the paper, Brownian paths started at
a point of ΩA being kept out of the fine interior of R
d \ ΩA before hitting A.
Define for x ∈ ΩA,
qA(x, t) =
d
dt
Px[σA ≤ t]
and
HA(x, t; dξ) =
QA(x, dtdξ)
dt
=
Px[Bσ(A) ∈ dξ, σA ∈ dt]
dt
(dξ ⊂ ∂A, t > 0). (1.5)
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(Although both qA and HA depend on d, we do not designate this dependence in the notation.)
Our purpose of this paper is to find the asymptotic form of HA(x, t; ·) as t→∞. To this end
it is often convenient to factor it into a product by conditioning on σA as follows:
HA(x, t; dξ) = Px[Bσ(A) ∈ dξ|σA = t]qA(x, t). (1.6)
Put
p
(d)
t (x) = (2πt)
−d/2e−x
2/2t (x = |x|)
and for d ≥ 3
G(d)(x) =
∫ ∞
0
p
(d)
t (x)dt =
Γ(ν)
2πν+1x2ν
(ν = 1
2
d− 1).
We usually write x for |x|, x ∈ Rd (as above) and sometimes p(d)t (x) for p(d)t (x) and σ(A)
for σA unless doing these causes any confusion. Denote by nbdε(A) the open ε-neighborhood
of A in Rd. We may write x /∈ nbdε(Ar) instead of x ∈ ΩA \ nbdε(Ar) in view of (1.4). We
write f(t) ∼ g(t) if f(t)/g(t)→ 1 in any process of taking limit like ‘t→∞’.
The results of this paper are summarized in the following propositions (i) through (viii),
where A is bounded Borel and non-polar, i.e., Px[σA < ∞] > 0 for some x. We indicate in
square brackets at the head of each statement the theorem given in a succeeding section which
the result presented below is taken from.
Summary of Main Results.
I. Case x/t→ 0.
For each ε > 0, the following asymptotic formulae (i) and (ii) hold uniformly for x /∈
nbdε(A
r):
(i) [Theorem 3.1] if d ≥ 3, as x/t→ 0 and t→∞
qA(x, t) = Cap(A)Px[σA =∞]p(d)t (x)(1 + o(1)), (1.7)
where Cap(A) denotes the Newtonian capacity of A (see Section 3.1.1) normalized so that
Cap(U(a)) = ad−2/G(d)(1);
(ii) [Theorem 3.2] if d = 2, as x/t→ 0 and t→∞
qA(x, t) = p
(2)
t (x)×


4πeA(x)
(lg t)2
(
1 +O
( 1
lg t
))
(x ≤ √t ),
π
lg(t/x)
(
1 +O
( 1
lg(t/x)
))
(x >
√
t ),
(1.8)
where eA(x) denotes the Green function for ΩA with a pole at infinity normalized so that
eU(a)(x) = lg(x/a)
(cf. [16], p.369; see also Section 6.1);
(iii) [Theorems 3.3 and 3.4] for d ≥ 2, as x/t→ 0 and t→∞∣∣∣Px[Bσ(A) ∈ · | σA = t]−H∞A ∣∣∣
t.var
−→ 0. (1.9)
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Here, H∞A stands for the harmonic measure for the Brownian motion started at infinity con-
ditioned on σA < ∞: H∞A (dξ) = limx→∞ Px[Bσ(A) ∈ dξ | σA < ∞]; and | · |t.var designates the
total variation.
Given a compact set K of Rd, let SK(t) denote the Wiener sausage of length t swept by K
attached to a Brownian motion Bt :
SK(t) = {z ∈ Rd : z−Bs ∈ K for some s ∈ [0, t]}.
The d-dimensional volume of A ⊂ Rd is denoted by vold(A). Suppose K is non-polar. Then
(iv) [Theorem 4.1] if d ≥ 3, as x/t→ 0 and t→∞
E0 [ vold(SK(t)) |Bt = x] ∼ Cap(K)t; (1.10)
(v) [Theorem 4.2] if d = 2, x/t→ 0 and t→∞
E0 [ vol2(SK(t)) |Bt = x] =


2πt
lg t
(1 + o(1)) if x ≤ √t,
πt
lg(t/x)
(1 + o(1)) if x >
√
t.
(1.11)
II. Case x/t→ v.
In the case when x/t is bounded away from zero and infinity the results are not explicit as
above. Put RA = sup{|y| : y ∈ Ar} and define the measure kernel λA(v; dξ) on Rd × ∂A by
λA(v; Γ) =
∫
∂U(1)
ERAξ
[
e−
1
2
v2σA ;Bσ(A) ∈ Γ
]
gRAv(θξ,v)m1(dξ) (v ∈ Rd,Γ ⊂ ∂A),
if v := |v| > 0, where θ = θξ,v ∈ [0, π] denotes the angle that ξ ∈ ∂U(1) forms with v so that
cos θ = ξ ·v/v; and gα(θ), α ≥ 0 (given in (2.7) of Section 2) is a probability density relative to
the uniform probability measure m1(dξ) on ∂U(1); if v = 0, replace gRAv(θξ,v) by unity (which
amounts to passing to the limit as v ↓ 0). It is shown that λA(v; ∂A) is positive, continuous
and bounded (in v). We can assert the following
(vi) Let d ≥ 2. As x/t→ v > 0 and t→∞,∣∣∣∣ HA(x, t; ·)
R2νA Λν(RAx/t)p
(d)
t (x)
− λA(x/t; ·)
∣∣∣∣
t.var
−→ 0
and for K compact and non-polar,
E0 [ vold(SK(t)) |Bt = x] ∼ tR2νK Λν(RKx/t)
∫
∂K
e−ξ·x/tλK(x/t; dξ),
with Λν(y) a positive function of y given in (2.1) of the next section. Here, the convergence is
uniform in v ≤ M in both the formulae for each M > 1 and they become continuously linked
at v = 0 to the formulae of (iii) through (v).
For the balls or discs the last formula may be given somewhat more explicitly:
E0 [vold(SU(a)(t)) |Bt = x] ∼ a2ν tΛν(av)
∫
∂U(1)
e−aξ·x/tgav(θξ,x)m1(dξ). (1.12)
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III. Case x/t→∞.
Let e be a unit vector of Rd. Denote by ∆e the hyper-plane perpendicular to e passing
through the origin and preA the orthogonal projection of a set A on ∆e. Let K be a compact
set. Define a function h = he,K on ∆e by
h(z) = sup{s ∈ R : z+ se ∈ K}, z ∈ ∆e
with sup ∅ = −∞ and let dis-cte(K) be the set of discontinuity points of h (see (3.40)). Suppose
that
vold−1
(
dis-cte(K)
)
= 0,
where vold−1(·) denotes the (d− 1)-dimensional volume of a set of ∆e. Then:
(vii) [Theorem 3.5] for d ≥ 2, as v := x/t→∞ and t→∞
HK(xe, t; dξ)
vp
(d)
t (x)e
ve·ξ
=⇒ mK,e(dξ), (1.13)
where ‘⇒’ designates the weak convergence of measures and mK,e stands for the Borel measure
on ∂K induced from the (d− 1)-dimensional Lebesgue measure on preK ⊂ ∆e by the mapping
z ∈ preK 7→ z+ h(z)e ∈ ∂K (see Section 3.2 for more details);
(viii) [Theorem 4.3] for d ≥ 2, as x/t→∞ and t→∞,
E0 [ vold(SK(t)) |Bt = xe] = vold−1(preK)x+ o(x).
For convenience of later citation here we record the following scaling properties:
HA(x, t; dξ) = R
−2HR−1A(x/R, t/R2;R−1dξ) (dξ ⊂ ∂A),
qA(x, t) = R
−2qR−1A(x/R, t/R2),
eA(x) = eR−1A(x/R) (d = 2) and
Cap(A) = Rd−2Cap(R−1A) (d ≥ 3)
(1.14)
(R > 0; the heading factor R−2 on the right-hand sides of the first two identities comes simply
from the differential d(t/R2)). Note that the formula (1.7) is consistent to these relations.
The rest of the paper is organized into the following sections.
§2. The hitting distribution for a disc/ball.
§3. The hitting distribution for a bounded Borel set.
3.1. Case x/t→ 0. 3.2. Case x/√t→∞.
§4. The Wiener sausage for a Brownian bridge.
4.1. Case x/t→ 0. 4.2. Case x/√t→∞.
§5. Brownian motion with a constant drift.
§6. Miscellaneous estimates concerning σA.
6.1. Uniform estimates for eA(x)/Px[σ∂U(r) < σA].
6.2. An upper bound of qA (d ≥ 3). 6.3. Some upper bounds of qA (d = 2).
6.4. A lower bound of Px[σA < t] in case x/t > 1.
§Appendix.
A.1. Harmonic measure of heat operator. A.2. Asymptotics of the distribution of σA.
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In §2 we summarize the results of [27] and [28] that are particularly relevant to the present
subject. The results of both §3 and §4 heavily depend on those from §2.
The subjects of §3 and §4 are inter-related. Because of this the item (vi) is proved in Section
4.2. The asymptotic behavior of HA(x, t; dξ) is closely related to that of the expected volume
of Wiener sausage swept by a compact set K attached to Brownian bridge joining 0 and x. If
x/t→ 0, the results on HA entails those of the sausage. In the case x/t→∞, the situation is
not so simple; our proof of (vii) relies on a result on the upper estimate of the expected volume
of the sausage, and the lower estimate of it is obtained by using (vii).
Most of the statements advanced above may translate into the ones corresponding to Brow-
nian motion with a constant drift and some of them will be presented in §5. In §6 we prove
miscellaneous results that we need to use in the proofs of main results; some asymptotic eval-
uation of Px[σ∂U(r) < σA] as r → ∞ in terms of eA(x); the upper bounds of qA that are
fundamental to the proofs of the main results (i) through (viii); some estimates of Px[σA < t]
used in §4.2.3. In Appendix we provide a brief exposition of the well-known relation of the
hitting distribution to caloric measure and some asymptotic forms of Px[σA ≤ t] which are
derived by elementary computation from those of the density exhibited above.
2 The hitting distribution for a disc/ball
Here we consider the case when A = U(a), the open ball centered at the origin of radius a,
and state the asymptotic estimates of HU(a)(x, t; dξ) obtained in [27] and [28]. The following
notation is used throughout the paper.
ν =
d
2
− 1 (d = 1, 2, . . .);
Λν(y) =
(2π) ν+1
2yνKν(y)
(y > 0); Λν(0) = lim
y↓0
Λν(y) (ν > 0). (2.1)
Here Kν is the usual modified Bessel function (of the second kind) of order ν. We write
q(x, t; a)
for qU(a)(x, t). The definition of q(x, t; a) may be naturally extended to the Bessel process of
order ν and the results concerning it given below may be applied to such extension if ν ≥ 0.
The following result from [27] provides a precise asymptotic form of the hitting time density
for a ball (d ≥ 3) (or disc (d = 2)).
Theorem 2.1. Uniformly for x > a, as t→∞,
q(x, t; a) = a2νΛν
(
ax
t
)
p
(d)
t (x)
[
1−
(
a
x
)2ν]
(1 + o(1)) if d ≥ 3, (2.2)
and
q(x, t; a) = p
(2)
t (x)×


4π lg(x/a)
(lg(t/a2))2
(
1 + o(1)
)
(x ≤ √t )
Λ0
(
ax
t
)(
1 + o(1)
)
(x >
√
t )
if d = 2. (2.3)
If the right-hand sides are multiplied by e−a
2/2t, both the formulae (2.2) and (2.3) so modified
hold true also as x→∞ uniformly for t > 0 (see also (2.5) below).
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From known results on Kν(z) it follows that
Λν(y) =
2π∫∞
0
exp(− 1
4piu
y2)e−piuuν−1du
(y > 0, ν ≥ 0); (2.4)
Λν(y) = (2π)
ν+1/2y−ν+1/2 ey(1 +O(1/y)) as y →∞;
Λν(0) = 1/G
(d)(1) = 2πν+1/Γ(ν) = (d− 2)πd/2/Γ(d/2) for ν > 0; and
Λν(y) =


π
− lg(eγy/2)(1 +O(y
2)) (ν = 0)
Λν(0) +O(y
2) (ν > 0, ν 6= 1)
Λν(0) +O(y
2 lg y) (ν = 1)
as y ↓ 0.
Here γ =
∫ 1
0
(1− e−t − e−1/t)t−1dt (Euler’s constant).
The following two results are also valid for Bessel processes of order ν ≥ 0. The first one is
easily deduced from Theorem 2.1 by elementary computation (see the last section of [27]). The
second one (a reduced version of [5, Lemma 4]) is also easily derived from the one-dimensional
result with the help of a drift-transformation formula ([27, (12)]).
Theorem 2.2. Uniformly for x > a if ν > 0 and uniformly for x >
√
t/ lg t if ν = 0, as
t→∞, (
a
x
)−2ν ∫ t
0
q(x, s; a)ds = Λν
(
ax
t
)
2ν
(2π)ν+1
∫ ∞
x2/2t
e−yyν−1dy(1 + o(1)).
(Note that (a/x)2ν =
∫∞
0
q(x, s; a)ds, so that the left side represents a conditional probability.)
Lemma 2.1. For each ν ≥ 0 it holds that uniformly for all 0 < t < a2 and x > a,
q(x, t; a) =
x− a√
2π t3/2
e−(x−a)
2/2t
(
a
x
)(d−1)/2[
1 +O
(
t
x
)]
. (2.5)
A trite computation shows that in case x/t→∞ the function form of the leading term for
q(x, t; a) as t→∞ given above coincides with the one for t→∞ given in Theorem 2.1 so that
(2.5) also holds in this case if O(t/x) is replaced by o(1).
The case x2/t→ 0 with lim(lg x)/ lg t = 1/2 of ν = 0 (i.e. d = 2), not included in Theorem
2.2, is somewhat delicate. The following result is a reduced form of Theorem 3 of [24].
Theorem 2.3. Let ν = 0 and κ = 2e−2γ. Uniformly for
√
t > x > a, as t→∞∫ t
0
q(x, s; a)ds =
1
lg(κt/a2)
[
1− γ
lg(κt/a2)
] ∫ ∞
x2/2t
e−y
y
dy +O
(
1
(lg t)2
)
.
We sometimes need only the upper or lower bounds that follow immediately from Theorem
2.1 and for convenience sake we write down them. In the following corollary (obtained also in
[5]) we include the bounds for the case 0 < t < a2 and d ≥ 3 that follows from Lemma 2.1. We
write x ∨ y and x ∧ y for the maximum and minimum of real numbers x, y, respectively. For
positive functions f and g defined on a set Λ, the expression f(λ) ≍ g(λ) signifies that there
exist constants c1 and c2 such that c1g(λ) ≤ f(λ) ≤ c2g(λ) for λ ∈ Λ.
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Corollary 2.1. For all a > 0, t > 0, x > a,
q(x, t; a) ≍
(
1− a
x
)
a2νp
(d)
t (x− a)
(
1 ∧ t
ax
)ν− 1
2
if d ≥ 3,
and
q(x, t; a) ≍


lg x/a
t(lg t/a2)2
(x <
√
t)
1
1 + lg(t/ax)
p
(2)
t (x) (
√
t ≤ x < t/a)√
ax
t
eax/tp
(2)
t (x) (x ≥ t/a > 2a)
if d = 2,
where all the constants involved in the symbol ≍ depend only on d.
We also deduce the following corollary of Theorem 2.2 (cf. [27, Theorem 12]) in the case
d ≥ 3. (See (6.31) and (6.32) for the corresponding results for d = 2.)
Corollary 2.2. Let d ≥ 3 and a > 0. Then
Px[σU(a) < t] ≍


(a/x)2ν if t > x2 > a2,
a2νt2
x2
Λν
(
ax
t
)
p
(d)
t (x) if x
2 ≥ t > a2. (2.6)
Here all the constants involved in the symbol ≍ depend only on d.
Next we present a result from [28] on the conditional distribution of the hitting site Bσ(U(a))
given σU(a) = t. For α ≥ 0 let gα(θ) be a function of θ ∈ [−π, π] given by
gα(θ) =
∞∑
n=0
K0(α)
Kn(α)
Hn(θ) (2.7)
if α > 0 and g0(θ) ≡ 1, where
Hn(θ) =
{
cosnθ if d = 2,
κn,νC
ν
n(cos θ) if d ≥ 3.
Here κn,ν = (n + ν)Γ(ν)/
√
π Γ(ν + 1
2
) and Cνn(z) is the Gegenbauer polynomial of order n
associated with ν (cf. [30]). It follows that H0 ≡ 1 and gα(θ) is jointly continuous in (α, θ).
Let θξ,x ∈ [0, π] denote the colatitude of a point ξ ∈ ∂U(a) with the vector ax/x taken to be
the north pole, namely cos θξ,x = ξ ·x/ax. Let ma(dξ) denote the uniform probability measure
on ∂U(a). It follows that gα(θξ,x)ma(dξ) is a probability measure on ∂U(a).
Theorem 2.4. Let d ≥ 2. The function gα(θ) is positive on [0, π], and for v ≥ 0, as x/t→ v
and t→∞,
Px[Bσ(U(a)) ∈ adξ | σU(a) = t]
m1(dξ)
=
{
1 +O(ℓd(x, t)x/t) if v = 0,
gav(θξ,x)(1 + o(1)) if v > 0
(2.8)
uniformly for (ξ, v) ∈ ∂U(1)× [0,M ] for each M > 1. Here ℓd(x, t) ≡ 1 for d ≥ 3 and
ℓ2(x, t) = (lg t)
2/lg(2 + x) (x <
√
t); = lg(t/x) (x ≥ √t).
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Theorem 2.4 asserts that the limit distribution is uniform on the sphere ∂U(a) if x/t→ 0,
while it is distributed with a positive and continuous density function gav(θξ,x) if x/t→ v > 0.
In the case when x/t is unbounded, the situation becomes different: the weak limit concentrates
at ax/x as one can infer from a result stated next.
The following theorem, applied in Section 4.2.3, follows from Corollary 2.1 and Lemma 5.6
of [28] ((i) is immediate from the former; as for (ii) use the latter in addition).
Theorem 2.5. Let d ≥ 2 and v := x/t.
(i) Under the constraint cos θξ,x > v
−1/3, uniformly for x, ξ ∈ ∂U(a) and t > a2, as v →∞
HU(a)(x, t; dξ)
ωd−1a2νma(dξ)
=
x · ξ
t
p
(d)
t (|x− ξ|)
[
1 +O
(
1
v cos3 θξ,x
)]
,
where ωn stands for the area of n-dimensional unit sphere.
(ii) For each ε > 0 there exists Mε > 1 such that if E(ε;x) := {ξ ∈ ∂U(a) : cos θξ,x ≤ ε},
v > Mε and t > a
2, then
HU(a)(x, t;E(ε;x)) ≤ κdεa2νeaεvp(d)t (x),
where κd is a constant depending only on d.
Taking account of the last statement of Theorem 2.1, Theorem 2.5(ii) may be paraphrased
as
Px[Bσ(U(a)) ∈ E(ε;x) | σU(a) = t] ≤ κ′dεe−(1−ε)av(va)ν−1/2 (v > Mε, t > a2). (2.9)
3 The hitting distribution for a bounded Borel set
Here we seek an exact asymptotic form, as t→∞, of HA(x, t; dξ)dt for x ∈ ΩA, where A is a
bounded Borel set of Rd.
3.1 Case x/t→ 0
We deal with cases d ≥ 3 and d = 2 separately. In the case d ≥ 3 the capacity of A is involved
in the leading term, while for d = 2, the logarithmic capacity appears only in the next order
term that we shall not identify.
Our basic strategy is to use the Huygens property of HA in the form
HA(x, t;E) =
∫ t
0
ds
∫
∂U(R)
HU(R)(x, t− s; dξ)HA(ξ, s;E) (3.1)
for E ⊂ A¯, x /∈ U(R)
valid if A ⊂ U(R). For the Brownian motion started at a point very distant from A to hit A
for the first time at time t it must hit U(R) (with R/x << 1) in a relatively small time interval
just before t with high probability, so that the outer integral of (3.1) must concentrate on such
an interval and the exact asymptotic forms for balls U(R) described in the preceding section
will yield the results for general A. In the case when the starting point is not distant from A
the process must make a big excursion in the interval [0, σA] (if σA = t is very large) and exit
from a large sphere within a relatively short time interval so that the problem is reduced to
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the case of distant starting points. In the actual process of verification there arise various error
terms that must be properly estimated and to obtain certain upper bounds of qA(x, t), being
crucial for that purpose, constitutes a substantial part of the proofs. However, we deal with
them in Section 6 and here we focus on the problem of obtaining an exact asymptotic form of
HA by taking for granted the results verified in Section 6.
We put RA = sup{|y| : y ∈ Ar} as in Section 1 and designate by cR, c′R etc. constants
depending only on RA and d whose exact values are not significant for the present purpose and
may vary at different occurrences of them.
3.1.1. Density of hitting time distribution (d ≥ 3). Let d = 3, 4, . . . and Cap(A)
denote the Newtonian capacity of A. For the present purpose it is convenient to define it by
Cap(A) =
1
G(d)(1)
lim
x→∞
x2νPx[σA <∞].
The identity
x2νPx[σA <∞] = R2νEx
[
PBσ(U(R))[σA <∞]
∣∣∣σU(R) <∞]
holds true whenever x > R ≥ RA and shows the existence of the limit defining Cap(A) as well
as the formula
Cap(A) = Cap(U(R))PmR [σA <∞], (3.2)
where PmR denotes the law of Bt started with the uniform probability measure on the sphere
∂U(R). (See also Remark 1 (d) below.)
Theorem 3.1. Let d ≥ 3. Uniformly for x ∈ ΩA, as t→∞ and x/t→ 0
qA(x, t) = Cap(A)p
(d)
t (x)
(
Px[σA =∞](1 + o(1)) + err(x, t)
)
, (3.3)
where if x ≥ 2RA, err(x, t) = 0 and if x < 2RA, for any decreasing function δ(t) that tends to
zero
|err(x, t)| ≤ CPx[σA∪∂U(2RA) > tδ(t)] ≤ C ′e−λtδ(t)/R
2
A (3.4)
with some universal constants C and λ > 0; the constant involved in o(1) may depend only on
d and the choice of δ(t) (apart from the dependence on A).
To be precise the term o(1) in (3.3) must depend also on A but the constants involved can
be taken independently of A if the limit is taken under t/RA →∞ and RAx/t→ 0 in place of
t→∞ and x/t→ 0. This or similar points will not be stated explicitly in what follows as in
the theorem above.
Remark 1. (a) In view of our definition of Cap(A) and Theorem 2.1 the formula (3.3)
entails that as x→∞ and x/t→ 0
qA(x, t) = Px[σA <∞]x2νq(x, t; 1)(1 + o(1)),
which, on noting that 1/x2ν = Px[σU(1) < ∞], may be paraphrased in terms of conditional
probability as follows: as x→∞ and x/t→ 0
Px[σA ∈ dt | σA <∞]/dt = Px[σU(1) ∈ dt | σU(1) <∞]/dt(1 + o(1)).
This formula does not hold in general if x/t is bounded away from zero.
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(b) As x gets close to A and t large qA(x, t) itself approaches zero very fast, but it is not
so simple a matter to express in general how fast it does. In any case, in (3.3) the error term
err(x, t), though very small for t large (see (3.4)), cannot be absorbed into o(1) that precedes
it since for each t > 1, Px[σA∪∂U(2RA) > t] may be much larger than Px[σA = ∞] for some
x ∈ ΩA. An example is easily constructed by considering a ball pockmarked by infinitely many
cave-like holes, each one containing a relatively spacial chamber connected by a narrow tunnel
to the outside and among them there being one such that the ratio of diameter of the tunnel
to that of the chamber is smaller than any prescribed number.
For each ε > 0, for reasons of continuity infx/∈nbdε(Ar) Px[σA = ∞] > 0, and hence the
asymptotic formula
qA(x, t) = Cap(A)Px[σA =∞]p(d)t (x)(1 + o(1)) (3.5)
holds uniformly for x /∈ nbdε(Ar). With this remark one may readily verify that (3.5) holds
uniformly for x ∈ ΩA if A satisfies some regularity condition such as smoothness of boundary.
(c) For each ε > 0, we can find a constant η > 0 such that on {x /∈ nbdε(Ar) : x <
√
2t lg t},
the factor o(1) may be replaced by O(t−η) in (3.3). A sketch of proof is given at the end of
this subsection.
(d) There exists a finite measure µA supported by the closure A¯, called the equilibrium
measure, such that Px[σA < ∞] =
∫
G(d)(|y − x|)µA(dy), x ∈ Rd (see for a concise proof
the arguments given in [14, pp.248, 249]) and the capacity of A is usually defined as the total
charge of µA. Our definition conforms to it as is well known: if R > RA,
Cap(A) = Cap(U(R))
∫
mR(dξ)
∫
G(d)(|y− ξ|)µA(dy) = µA(A¯)
where the identities Cap(U(R)) = 1/G(d)(R) and
∫
G(d)(|y − ξ|)mR(dξ) = G(d)(R) (|y| < R)
are used for the last equality. (Cf. e.g. [6, Sections 5.1 and 5.2]; [1, Proposition (2.5.8)].)
A substantial part of Theorem 3.1 is contained in the next lemma.
Lemma 3.1. Let d ≥ 3. As x→∞ and x/t→ 0
qA(x, t) =
Cap(A)
Cap(U(1))
q(x, t; 1)(1 + o(1)). (3.6)
Here the constant involved in o(1) may depend only on d and the choice of δ(t) (apart from the
dependence on RA) .
Proof. Put R = 2RA. Suppose x→∞. By strong Markov property
qA(x, t) =
∫ t
0
ds
∫
∂U(R)
HU(R)(x, t− s; dξ)qA(ξ, s). (3.7)
Take a (large) number M from the interval (1,
√
t) and split the range of outer integral at
s =M and s = t/2. We write
I[0,M ], I[M,t/2] and I[t/2,t]
for the corresponding integrals over the Cartesian products [0,M ]×∂U(R), etc. On employing
Theorem 2.4 (with v = 0),
I[0,M ] =
∫ M
0
q(x, t− s;R)ds
∫
∂U(R)
qA(ξ, s)mR(dξ)
(
1 +O
(x
t
))
. (3.8)
11
Noting p
(d)
t−s(x)/p
(d)
t (x) = exp{− x2s2t(t−s)}(1 + o(1)) (s < M) we apply Theorem 2.1 to see
q(x, t− s;R)
q(x, t;R)
= exp
{
− x
2s
2t(t− s)
}
(1 + o(1)) (3.9)
as s/t → 0, whereas, since supξ∈∂U(R) Pξ[M < σA < ∞] ≤ CM−νCap(A) in view of (1.3) (cf.
also Lemma 6.3 or (3.11) below), the identity (3.2) yields∫ M
0
ds
∫
∂U(R)
qA(ξ, s)mR(dξ) = PmR[σA < M ] =
Cap(A)
Cap(U(1))
(
R−2ν +O(M−ν)
)
.
Now suppose x/t → 0, and make substitution from these relations in (3.8) and let M → ∞
under (1 ∨ x2)M/t2 → 0. Then, observing
R−2νq(x, t;R) = q(x, t; 1)(1 + o(1))
we find that I[0,M ] is asymptotic to the right-hand side of (3.6).
The integral over [M, t/2]× ∂U(R) may be disposed of by means of the inequality
I[M,t/2] ≤
(
sup
M<s<t/2
q(x, t− s;R)
q(x, t;R)
sup
ξ∈∂U(R)
Pξ[M < σA <∞]
)
q(x, t;R)
(
1 +O
(x
t
))
.
The first supremum is bounded (owing to Theorem 2.1), while the second one is Cap(A) ×
O(M−ν) as noted right after (3.9). Thus I[M, t/2] is negligible.
It remains to ascertain that I[t/2,t] is also negligible. We prove that
I[t/2,t] ≤ κdCap(A)q(x, t;R)× (R/x)2νe−x2/3t (R < x < t/RA). (3.10)
The proof rests on the bound
sup
s≥t/2
qA(y, s) ≤ κdCap(A)t−d/2 (3.11)
valid for all t > R2 and y ∈ ΩA, where the constant κd depends on d only. The proof of this
bound is somewhat involved and postponed to the last section (see Lemma 6.7). (The bound
(3.11) plays a key role also in the proof of Theorem 3.1, but only for estimation of error terms;
if one is content with not sticking to perfection the error estimate of qA having the heading
factor R2νA in place of Cap(A), he may simply apply Theorem 2.1 instead of (3.11).)
Clearly we have
I[t/2,t] ≤ Px[σU(R) < t/2]× sup
t/2≤s≤t
sup
|ξ|=R
qA(ξ, s).
On taking (3.11) for granted and employing Theorem 2.2 the right-hand side of this inequality
is dominated by
κd
Cap(A)
td/2
×
(
R
x
)2ν ∫ ∞
x2/t
e−uuν−1du ≤ κ′d
Cap(A)
td/2
×
(
R
x
)2ν(
[e−x
2/t(x2/t)ν−1] ∧ 1
)
,
hence by the right-hand side of (3.10) as is ensured by a crude estimation using the asymptotic
form of q(x, t;R) given in Theorem 2.1. The proof of Lemma 3.1 is complete.
In comparison with the one-dimensional result we have
sup
y∈U(r)
Py[σ∂U(r) > t] ≤ Ce−λt/r2 (3.12)
with some universal constants C and λ > 0.
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Lemma 3.2. Let r > 2RA, x ∈ U(2RA) ∩ ΩA and T > r2. Then, with universal constants
C > 0 and λ > 0,
Px[σA∪∂U(r) > T ] ≤ Ce−λT/2r2
(
Px[σA =∞] + Px[σA∪∂U(2RA) > 12T ]
)
.
Proof. Let R = 2RA. We break the event σA∪∂U(r) > T according as σ∂U(R) is less than T/2
or not and infer that
Px[σA∪∂U(r) > T ]
=
∫∫
[0, 1
2
T ]×∂U(R)
Pξ[σA∪∂U(r) > T − s]Px[σ∂U(R) < σA, σ∂U(R) ∈ ds, Bσ∂U(R) ∈ dξ]
+
∫
U(R)∩ΩA
Py[σA∪∂U(r) > 12T ]Px[B1
2
T
∈ dy, σA∪∂U(R) > 12T ]
≤
(
Px[σ∂U(R) < σA] + Px[σA∪∂U(R) > 12T ]
)
sup
y∈U(R)
Py[σ∂U(r) >
1
2
T ].
Thus the assertion of the lemma follows from (3.12).
Proof of Theorem 3.1. In view of Lemma 3.1 (together with Cap(U(1)) = Λν(0)), Theorem
2.1 and the fact that limx→∞ Px[σA = ∞] = 1 we may suppose that x remains in a bounded
set as t→∞. Given T < t and r > x, we decompose
qA(x, t) =
∫ T
0
∫
∂U(r)
Px[σ∂U(r) ∈ ds, Bσ(∂U(r)) ∈ dξ, σA > s]qA(ξ, t− s) + ε(x, t), (3.13)
where ε(x, t) = Px[σ∂U(r) > T, σA ∈ dt]/dt. Both T and r may depend on t; we take T = 2tδ(t)
with δ(t) > 1/(1 ∨ lg t) as well as limt→∞ δ(t) = 0; also, e.g. r(t) = t1/3, so that T/r2 > t1/4,
entailing
p
(d)
t−s(ξ) ∼ p(d)t (x) ∼ p(d)t (0) uniformly for s < T, ξ ∈ ∂U(r). (3.14)
The term ε(x, t) contributes only to the error terms. Indeed,
ε(x, t) =
∫
U(r)
Px
[
BT ∈ dy, σA∪∂U(r) > T
]
qA(y, t− T )
≤ κdCap(A)t−d/2Px[σA∪∂U(r) > T ], (3.15)
where we have applied (3.11) for the inequality. Hence, ε(x, t) is absorbed into the error terms
represented by o(1) or err(x, t) in (3.3) if x ≤ R owing to Lemma 3.2, while it is negligible in
the case x > 2RA when Px[σA =∞] ≥ 1− 2−2ν , for by (3.12) Px[σA∪∂U(r) > T ] ≤ Px[σ∂U(r) >
T ] ≤ Ce−λT/r2 ≤ Ce−λt1/4 .
The first term on the right-hand side of (3.13) contains the principal part. We need some
care to obtain the exact asymptotic form. Since r →∞, Lemma 3.1 applies to qA(ξ, t− s) and
noting (3.14) we thus obtain that uniformly for ξ ∈ ∂U(r) and s ≤ T ,
qA(ξ, t− s) = Cap(A)p(d)t (x)(1 + o(1)). (3.16)
On the other hand, defining η(x, t, T ) (for T > 1) via∫ T
0
Px[σ∂U(r) ∈ ds, σA > s] = Px[σ∂U(r) < T ∧ σA]
= Px[σA =∞]− η(x, t, T ), (3.17)
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we observe that η(x, t, T ) = Px[σ∂U(r) ≥ T, σA =∞]− Px[σ∂U(r) < T ∧ σA, σA <∞], hence
− Px[σ∂U(r) < σA <∞] ≤ η(x, t, T ) ≤ Px[σ∂U(r) ≥ T, σA =∞]. (3.18)
Note that Pξ[σA < ∞] ≤ (RA/r)2ν < 1/2 for ξ ∈ ∂U(r), r > R and use the strong Markov
property to deduce first Px[σA =∞] ≥ 12Px[σ∂U(r) < σA] and then
Px[σ∂U(r) < σA <∞] ≤ 2(RA/r)2νPx[σA =∞], (3.19)
provided x ∨R < r. Applying Lemma 3.2 to the right-most member in (3.18) therefore yields
|η(x, t)| ≤ C
[
(RA/r)
2νPx[σA =∞] + Px[σA∪∂U(R) > 12T ]
]
for x < R,
while for x ≥ R, η(x, t) plainly makes only a negligible contribution in view of (3.12). Putting
(3.16) (3.17), (3.19) and this bound of η together we find that the repeated integral in (3.13)
agrees with the asserted asymptotic formula of the theorem. By what is remarked on ε(x, t)
right after (3.15) this completes the proof.
Sketch of the proof of Remark 1 (c). Let d ≥ 3. Theorem 3 of [27] provides an error estimate
for the asymptotic form of q(x, t; a) given in Theorem 2.1 and according to it the error term
o(1) in (2.2) can be replaced by O(t−1 lg t) for x <
√
2t lg t (the asymptotic form being exact
if d = 3). On examining the proof of Lemma 3.1 this shows that under the same constraint on
x, (3.6) can be refined to
qA(x, t) = Cap(A)p
(d)
t (x)(1 +O(x
−2ν ∨ t−η)) (x <
√
2t lg t) (3.20)
hence o(1) in (3.16) to O(r−2ν ∨ t−η), for some η > 0. The rest is done by noting that
Px[σA = ∞] = 1 + O(x−2ν), the argument in the proof of Theorem 3.1 is valid also on e.g.
{x ∈ ΩA : R < x < t1/5,x /∈ nbdε(Ar)}, and the terms appearing in the form e−λT/r2 therein
are all negligible.
3.1.2. Density of hitting time distribution (d = 2). Let A be a bounded Borel
set of R2 that is non-polar. Define
eA(x) = π lim|y|→∞
gΩA(x,y), (3.21)
where gΩA(x,y) denotes the Green function for ΩA, which is continuous in the interior of
ΩA × ΩA. If A contains a curve connecting the origin with ∂U(RA), then 0 ≤ eA(x) ≤ C if
|x| ≤ RA, as being assured by the scaling property of eA; if A does not, supx∈U(RA) eA(x) could
be arbitrarily large (depending on A). It may be well known that eA(x) ∼ lg x as x → ∞; in
fact, we can show (cf. (6.13)) that for x ≥ RA,
0 ≤ eA(x)− lg(x/RA) ≤ CβA, βA := m2RA(eA), (3.22)
where C is a universal constant and mR(eA) =
∫
∂U(R)
eAdmR. (Cf. Section 6.1 for further
properties of eA.)
Theorem 3.2. Let d = 2 and suppose A to be non-polar. Then, as t→∞ and x/t→ 0
qA(x, t) = p
(2)
t (x)×


4π
(lg t)2
[
eA(x)
(
1 +O
( 1
lg t
))
+ err(x, t)
]
(x ≤ √t ),
π
lg(t/x)
(
1 +O
( 1
lg(t/x)
))
(x >
√
t ),
(3.23)
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where if x ≥ 2RA, err(x, t) = 0 and if x < 2RA,
|err(x, t)| ≤ CPx[σA∪∂U(2RA) > t/ lg t] ≤ C ′e−λt/R
2
A lg t (3.24)
with some universal constants C and λ > 0.
Remark 2. (a) The O terms in (3.23) depend on A. If we write them in the form βA×O(·),
then the O(·)’s in this form are independent of A (except via scaling of t by R2A and x by RA).
One may realize this by observing that the dependence on A other than RA comes in via (3.32)
given below. It is noted that supξ∈∂U(2RA) eA(ξ) < CβA owing to Harnack’s inequality, and
that since − lgR +mR(eA) is independent of R ≥ RA, βA = lg 2 +mRA(eA). (Cf. (6.14) and
(6.12)).
(b) t/ lg t in (3.24) may be replaced by δ(t)t with δ(t)→ 0 as in (3.4).
Proof. Let R = 2RA. The case x → ∞ is dealt with in almost the same way as in the proof
of Lemma 3.1 (apart from O(·) terms in (3.23)). It is only pointed out that for the estimation
of I[0,M ] and I[M,t/2], we apply
Px[σA > t] ≤ CeA(x)
lg(t/R2A)
for x ≥ 2RA and t > R2A (3.25)
(with x and t replaced by ξ ∈ ∂U(2RA) andM , respectively) and, instead of the bound (3.10),
we have
I[t/2,t] ≤ CβAq(x, t;R)
lg(x/R)
e−x
2/3t for R < x < t. (3.26)
These relations are deduced from Proposition 6.4 of Section 6.3: the former one immediately;
while the latter as in the proof of Lemma 3.1 by observing
qA(y, s) ≤ CβAq(x, t;RA)ex2/2t/ lg(x/R) (s > t/2,y ∈ ∂U(R))
with the help of Theorems 2.1 (a better bound is provided by Lemma 6.10 whose proof however
requires an additional work).
In order to obtain the error terms O(·) in (3.23) we need to use the following refinement of
(2.3): uniformly for x > a, as t→∞
q(x, t; a) =


4π lg(x/a)
(lg t)2
p
(2)
t (x)
(
1 +O
( 1
lg t
))
if x <
√
t,
π
lg(t/x)
p
(2)
t (x)
(
1 +O
( 1
lg(t/x)
))
if
√
t ≤ x < t,
(3.27)
which is a part of Corollary 4 of [27]. This allows us to replace o(1) by O
(
1/lg(t/x)
)
in (3.9)
if s/t→ 0, so that taking M = t/(x∨√t) = t
x
∧√t in the proof of Lemma 3.1 and employing
(3.25) and (3.26) we deduce
qA(x, t) = q(x, t;R)
(
1 +O
( 1
lg(t/x)
∨ 1
lg x
))
for 2 ∨ R < x < t/2, (3.28)
which implies the second half of (3.23). Since eA(x) = lg x+O(1) (cf. (3.22)), it also disposes
of the case t1/4 ≤ x < √t of (3.23) as well.
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Finally consider the case x < t1/4. A crucial issue arising in this case is dealt with by using
a result from Section 6.1 (in addition to (3.25)), which we state as Lemma 3.3 after the present
proof. Taking r = t1/3 and T = t3/4 we make use of the same expression as (3.13):
qA(x, t) =
∫ T
0
∫
∂U(r)
Px[σ∂U(r) ∈ ds, Bσ(∂U(r)) ∈ dξ, σA > σ∂U(r)]qA(ξ, t− s) + ε(x, t), (3.29)
where ε(x, t) = Px[σ∂U(r) > T, σA ∈ dt]/dt. Observe that for s < T , qA(ξ, t − s) (ξ ∈ ∂U(r))
may be replaced by
4π lg r
(lg t)2
p
(2)
t (x)
(
1 +O
( 1
lg t
))
(3.30)
in view of (3.27) and (3.28) and the repeated integral on the right-hand side of (3.30) is
accordingly factored into the product of this quantity and
∫ T
0
Px[σ∂U(r) ∈ ds, σA > s], of which
the latter is reduced to Px[σ∂U(r) < T ∧ σA]. We make the decomposition
Px[σ∂U(r) < T ∧ σA] = Px[σ∂U(r) < σA]− Px[T ≤ σ∂U(r) < σA].
Multiply the first probability on the right by the quantity (3.30) and applying Lemma 3.3
below, we find the first formula on the right-hand side of (3.23) with err(x, t) discarded. On
the other hand, analogously to Lemma 3.2 we have for x ∈ U(R) ∩ ΩA
Px[σA∪∂U(r) ≥ T ] ≤ Ce−λT/2r2
(
eA(x) + Px[σA∪∂U(R) ≥ 12T ]
)
, (3.31)
which together with (3.25) shows that the second one, namely Px[T ≤ σ∂U(r) < σA], contributes
only to the error terms in (3.23), and accordingly that the repeated integral in (3.29) agrees
with the first formula on the right-hand side of (3.23). The proof of (3.31) is omitted, being
the same as that of Lemma 3.2 except for the use of Lemma 3.3.
Plainly ε(x, t) is dominated by
Px[σA∪∂U(r) ≥ T ] sup
y∈U(r)∩ΩA
qA(y, t− T )
and is absorbed into the error terms as readily shown by using (3.31) as well as the fact that
the supremum above is bounded by a universal constant (see Lemma 6.9 of Section 6.3). Proof
of Theorem 3.2 is complete.
Lemma 3.3. Let d = 2. For r ≥ 2RA and x ∈ ΩA ∩ U(r),
eA(x)
(
1− 3mRA(eA)
lg(r/RA)
)
≤ Px[σ∂U(r) < σA] lg
( r
RA
)
≤ eA(x). (3.32)
Proof of this lemma is given in Section 6.1 (see Proposition 6.1).
3.1.3. Asymptotic form of HA as x/t→ 0. Remember that for a bounded Borel set
A, HA(x, t; dξ) is defined in (1.5) and H
∞
A (dξ) in (iii) of Section 1.
Theorem 3.3. Let d ≥ 3. Uniformly for Borel subsets E of ∂A, as t→∞ and x/t→ 0
HA(x, t;E) = qA(x, t)
[
H∞A (E) + εx,t(E)
]
+ Cap(A) errx,t(E) (3.33)
where εx,t and errx,t are signed-measures on ∂A such that |εx,t|t.var = o(1) and that if x ≥ 2RA,
errx,t ≡ 0 and if x < 2RA, |errx,t|t.var admits the same bound as err(x, t) in Theorem 3.1, namely
|errx,t|t.var ≤ CPx[σA∪∂U(2RA) > tδ(t)], with some universal constant C, for any decreasing
function δ(t) that tends to zero.
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Proof. Suppose x → ∞ and x/t → 0. We proceed as in the proof of Lemma 3.1 with (3.7)
replaced by the Huygens relation (3.1). As before, let R = 2RA and restrict the outer integral
of (3.1) to [0,M ] with M to be made indefinitely large under (1 ∨ x2)M/t2 → 0, M ≤ √t.
Observe Cap(A) = Λν(0)R
2νPmR [σA < ∞] (see (3.2)) and plug it in the formula of Theorem
3.1. Then using Theorem 2.1 we find
qA(x, t) = Px[σA =∞]PmR [σA <∞]q(x, t;R)(1 + o(1)), (3.34)
in which the factor Px[σA = ∞], tending to unity, may be dropped from the right-hand side.
Now apply Theorem 2.4, the relation q(x, t− s;R) = q(x, t;R)(1 + o(1)) valid for s < M and
(3.34) in turn. The integral in (3.1) restricted on [0,M ] then may be written as∫ M
0
q(x, t− s;R)ds
∫
∂U(R)
HA(ξ, s;E)mR(dξ)(1 +O(x/t)) (3.35)
= q(x, t;R)PmR[Bσ(A) ∈ E, σA < M ](1 + o(1))
= qA(x, t)PmR [Bσ(A) ∈ E | σA <∞](1 + o(1)),
of which the last expression may be further rewritten as the right-hand side of (3.33) since
PmR [Bσ(A) ∈ E | σA <∞] = H∞A (E) (that follows from PmR [Bσ(A) ∈ E, σA <∞] = limx→∞ Px[Bσ(A) ∈
E, σA < ∞| σU(R) < ∞]). For the remaining integral we may consider only the case E = ∂A
and the required bound of it obviously follows from those obtained in the proof of Lemma 3.1.
The case when x remains in a bounded set can be dealt with in a similar way by tracing
the corresponding part of the proof of Theorem 3.1. Here we only mention a way of how the
signed measure errx,t(dξ) is determined. In the proof of Theorem 3.1 the term err(x, t) comes
from ε(x, t) and η(x, t) and estimated by using Lemma 3.2. These are adapted for construction
as well as estimation of errx,t(dξ) as follows. The decomposition (3.7) is replaced by
HA(x, t;E) =
∫ T
0
∫
∂U(r)
Px[σ∂U(r) ∈ ds, Bσ(∂U(r)) ∈ dξ, σA > σ∂U(r)]HA(ξ, t− s;E)
+ ε(x, t;E).
with ε(x, t;E) = Px[σ∂U(r) > T, σA ∈ dt, Bσ(A) ∈ E]/dt; for x < R, the part of errx,t(E) that
comes from ε(x, t;E) is accordingly given by
1
Cap(A)
∫
U(r)
Px[σA∪∂U(R) > 12T, σA∪∂U(r) > T,BT ∈ dξ, σA > σ∂U(r)]HA(ξ, t− T ;E).
We may analogously define η(x, t;E) and determine the corresponding part for it. The esti-
mation of |errx,t|t.var is trivially made by using Lemma 3.2. The details are omitted.
Remark 3. Under the constraint x <
√
2t lg t the o(1) term in (3.33) can be replaced by
O(t−η) with some constant η > 0. Verification is the same as that of Remark 1 (c).
Here we record the formula: for d ≥ 3,∫ ∞
0
dt
∫
∂U(R)
HA(ξ, t;E)mR(dξ) = G
(d)(R)Cap(A)H∞A (E), R ≥ RA. (3.36)
The proof may be performed by recalling our definition of Cap(A) to see that H∞A (E) equals
limx→∞ x2νPx[Bσ(A) ∈ E, σA < ∞]/[G(d)(R)Cap(A)], and applying the Huygens property to
the probability under the limit sign.
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Theorem 3.4. Let d = 2. Uniformly for Borel subsets E of ∂A, as t→∞ and x/t→ 0
HA(x, t;E) = qA(x, t)
[
H∞A (E) + εx,t(E)
]
+ errx,t(E), (3.37)
where εx,t and errx,t are signed-measures on ∂A such that the total variation |εx,t|t.var ≤
CβA/ lg[t/(1 ∨ x)]; and that if x ≥ 2RA, errx,t ≡ 0 and if x < 2RA, |errx,t|t.var admits the
same bound as err(x, t) in Theorem 3.2, namely |errx,t|t.var ≤ CPx[σA∪∂U(2RA) > t/ lg t] (C is
a universal constant in both places).
Proof. The proof is substantially the same as that of Theorem 3.3 apart from the estimate
|εx,t|t.var ≤ CβA/ lg[t/(1 ∨ x)]. We consider only the case R < x < t1/2 (R = 2RA), the other
case being similar. For t1/4 < x < t1/2, we apply Theorem 2.4 and (3.27) to see qA(x, t) =
q(x, t;R)(1 + O(1/ lg t)) (in place of (3.34)) and observe that both O(x/t) and o(1) in (3.35)
can be replaced by O(1/ lg t), which suffices for the required error estimate, O(·) term being
absorbed into εx,t(E). For x ≤ t1/4, the argument given in the proof of Theorem 3.2 leads to
the error estimate asserted in the theorem.
3.2 Case x/t→∞
In this subsection we suppose K to be a compact set. Let e be a unit vector and preA the
orthogonal projection of a set A on ∆e, the hyper-plane perpendicular to e passing through
the origin. We often write prx for pre if e = x/x. We bring in the subset 〈K〉e of ∂K given by
〈K〉e = {ξ ∈ ∂K : ξ + te /∈ K for t > 0}, (3.38)
the mapping h = he,K : ∆e 7→ R by the relation
z+ h(z)e ∈ 〈K〉e if z ∈ preK; h(z) = −∞ otherwise
and the Borel measure mK,e on ∂K by
mK,e(E) = vold−1
(
pre(〈K〉e ∩ E)
)
(E ⊂ ∂K ). (3.39)
Here we regard preK (= pre〈K〉e) as a subset of (d− 1)-dimensional Euclidean space. Denote
by ∂d−1(preK) the boundary of it as such. Note that 〈K〉e is a Borel subset of ∂K and mK,e
is supported by 〈K〉e. We need to further bring in the set of discontinuity points of h given by
dis-cte(K) = {z ∈ int(preK) : h is discontinuous at z} ∪ ∂d−1(preK). (3.40)
Theorem 3.5. Let e ∈ ∂U(1) and suppose that dis-cte(K) is of zero Jordan measure, namely
vold−1
(
dis-cte(K)
)
= 0. (3.41)
Then, as t→∞ with v := x/t→∞
HK(xe, t; dξ) ≈ vp(d)t (x)eve·ξmK,e(dξ). (3.42)
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By (3.42) we mean that the Borel measure
µKt,x(dξ) :=
e−ve·ξHK(xe, t; dξ)
vp
(d)
t (x)
(3.43)
(dξ ⊂ ∂K, x = xe) asymptotically concentrates on 〈K〉e so that limµKt,x(∂K \ 〈K〉e) = 0 and
converges to mK,e(dξ) on 〈K〉e in the sense that (as x/t→∞)
µKt,x(E)→ mK,e(E) for each Borel set E ⊂ 〈K〉e with vold−1(∂d−1(preE)) = 0. (3.44)
With the condition (3.41) being assumed we can readily verify that the relation (3.42) implies
the weak convergence of µKt,x as stated in (vii) (the coverse is also true).
If a = max{ξ · e : ξ ∈ Kr} and mK,e({ξ ∈ 〈K〉e : ξ · e > a− ε}) > 0 for any ε > 0, then it
follows from (3.42) that the hitting site distribution HK(xe, t; ·)/qA(x, t) tends to concentrate
on {ξ ∈ Kr : ξ · e = a} as x/t→∞. The formula is also useful for a study of Wiener sausage
(see the end of Section 5) as well as the hitting site distribution for the Brownian motion
with large drift, while for the part ∂K \ 〈K〉e, (3.42) provides only a crude upper bound of
HK(xe; t, dξ); there is no direct way to derive from (3.42) any exact asymptotic form of qA(x, t).
Formula (3.42) may be formally inferred by looking at the space-time distribution of the
first arrival of (Bt) on the plane passing through ξ and perpendicular to e. Indeed, if B0 = xe,
its density is given by
x− ξ · e
t
p
(1)
t (x− ξ · e)p(d−1)t (|preξ|), (3.45)
which is asymptotic to the right-hand side of (3.42) divided by mK,e(dξ). The actual proof is
postponed to the last part of Section 4.2, since we need to use a result given there.
Remark 4. (a) There is a large class of compact sets K such that vold−1(preK) = 0 for
all e and K is non-polar. This condition obtains if K has Hausdorff dimension larger than
d− 2 and zero Hausdorff measure of (d− 1)-dimension ([10] Theorem 6.4 (d ≥ 3), [1] Exercise
27 of p.373 (d = 2)).
(b) It is not clear whether the condition (3.41) needs to be required for (3.42). If 〈K〉e
is contained in the union of a finite number of hyper-planes perpendicular to e, it may be
removed. For the upper bound the condition (3.41) is not needed.
Here we state and prove a lower bound of HA(x, t;E).
Lemma 3.4. There exists a constant κd > 0 depending only on d such that for 0 < η < t/2,
x > R := 2RA, t > R
2
A + η, and E ⊂ ∂A,
HA(x, t;E) ≥ κdq(x, t− η;R) inf
ξ∈∂U(R)
Pξ[Bσ(A) ∈ E, σA ≤ η].
Proof. First consider the case x > t. In the Huygens representation (3.1) of HA(x, t;E) we
restrict the range of integration to [0, η]× {ξ ∈ ∂U(R) : x · ξ > 0} and apply Theorem 2.5 to
see
HA(x, t;E) ≥ R2ν
∫ η
0
ds
∫
ξ·x>0
ξ · x
t− sp
(d)
t−s(ξ − x)HA(ξ, s;E)mR(dξ)(1 + o(1)),
where o(1) → 0 as x → ∞ (cf. [28, Lemma 5.1] if necessary). In the integrand we may
replace t− s by t− η for the lower bound and integration of HA(ξ, s;E) over 0 < s < η yields
Pξ[Bσ(A) ∈ E, σA ≤ η]. We note p(d)t−η(ξ − x) = eξ·x/(t−η)p(d)t−η(x)(1 +O(1/t)), and deduce that∫
ξ·x>0
ξ · x
t− η e
ξ·x/(t−η)mR(dξ) ≥ κd
∫ 1
0
Rx
t− ηe
Rx
t−η
(1− 1
2
θ2)θd−2dθ ≥ κ′dΛν
(
Rx
t− η
)
.
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Using Theorem 2.1 we now find the lower bound of the lemma.
In the case x ≤ t we have HA(x, t − s; dξ) ≥ κdq(x, t − η;R)mR(dξ), s < η and the same
argument as above immediately leads to the result.
4 The Wiener sausage for a Brownian bridge
Given a compact set K, let SK(t) be a Wiener sausage of length t swept by K attached to a
Brownian motion Bt:
SK(t) = {z ∈ Rd : z− Bs ∈ K for some s ∈ [0, t)}.
The d-dimensional volume of a Borel set A is denoted by vold(A). We sometimes write area(A)
for vol2(A). In this section (d) is usually suppressed from p
(d)
t , RK = sup{|y| : y ∈ Kr} and
K always denotes a non-polar compact set of Rd satisfying (1.4) with K in replace of A.
4.1 Case x/t→ 0
Theorem 4.1. If d ≥ 3, uniformly for x, as t→∞ and x/t→ 0,
E0 [ vold(SK(t)) |Bt = x] ∼ Cap(K)t. (4.1)
Theorem 4.2. If d = 2, uniformly for x, as t→∞ and x/t→ 0,
E0 [area(SK(t)) |Bt = x] =


2πt
lg t
(1 + o(1)) if x ≤ √t,
πt
lg(t/x)
(1 + o(1)) if x >
√
t.
(4.2)
Remark 5. (a) In the case when Bt is pinned at x = 0 an asymptotic expansion of
E0 [ vold(SK(t)) |Bt = 0] is obtained in [18] (d ≥ 3) and [19] (d = 2) (see also [3]).
(b) In [25], it is shown that if d = 2, for each M > 1, uniformly for |x| ≤ M√t,
E0 [area(SU(a)(t)) |Bt = x] = 2πtN(κt/a2) + πx
2
(lg t)2
[
lg
t
x2 ∨ 1 +O(1)
]
+O(1)
as t→∞, where κ = 2e−2γ andN(λ) = ∫∞
0
e−λu[(lg u)2+π2)]−1u−1du,which admits asymptotic
expansion in powers of 1/ lg t: N(αt) = 1
lg t
− γ+lgα
(lg t)2
+ (γ+lgα)
2+pi2/6
(lg t)3
+ · · · (α > 0, t→∞).
Let −K + z denote the set {−ξ + z : ξ ∈ K}.
Lemma 4.1. For 0 ≤ α < β ≤ t, x ∈ Rd and a Borel set W ⊂ Rd such that K ∩W = ∅,
E0[vold({z ∈ W : α ≤ σ−K+z < β}) |Bt = x]
=
1
pt(x)
∫
z∈W
|dz|
∫ β
α
ds
∫
ξ∈∂K
pt−s(z− x− ξ)HK(z, s; dξ), (4.3)
where | · | designates the Lebesgue measure on Rd.
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Proof. The set {z ∈ W : α ≤ σ−K+z < β}, depending on Brownian path ω := (Bs)0≤s<t, is
considered as an ω-cross-section of the set
{(z, ω) : (z, σ−K+z) ∈ W × [α, β)}, (4.4)
which is measurable w.r.t. the product σ-field B(Rd) × σ(Bs : s ≤ t) and of which the
conditional probability of the z-cross-section is given by
P0[σ−K+z ∈ [α, β) |Bt = x]
=
1
pt(x)
∫
[α,β)×∂(−K+z)
pt−s(x− ξ)P0[σ−K+z ∈ ds, B(σ−K+z) ∈ dξ]
=
1
pt(x)
∫ β
α
ds
∫
ξ∈−∂K
pt−s(x− z− ξ)H−K(−z, s; dξ).
Now, applying the equality
∫
−∂K ϕ(ξ)H−K(−z, s; dξ) =
∫
∂K
ϕ(−ξ)HK(z, s; dξ) as well as Fu-
bini’s theorem we conclude the formula to be shown.
Put
FK(t,x) =
1
pt(x)
∫
z∈ΩK
|dz|
∫ t
0
ds
∫
ξ∈∂K
pt−s(z− x− ξ)HK(z, s; dξ).
Since SK(t)∩ΩK = {z ∈ ΩK : σ−K+z < t} valid under the condition (1.4), i.e., Rd \ΩK = Kr,
we obtain the following corollary of Lemma 4.1.
Corollary 4.1. E0[vold(SK(t)) |Bt = x] = FK(t,x) + vold(K).
We use the monotone class theorem to extend the formula (4.3) to space-time Borel sets.
The result is stated as the following corollary, which we shall need in the proof (Step 2) of
Lemma 4.4.
Corollary 4.2. If D is a Borel set of (Rd \K)× [0, t), then
Ex
[
vold
(
{z : (z, σ−K+z) ∈ D}
)∣∣∣Bt = x] = 1
pt(x)
∫∫
D
|dz|ds
∫
∂K
pt−s(z− x− ξ)HK(z, s; dξ).
Put
F ∗K(t,x) =
1
pt(x)
∫
z∈ΩK
|dz|
∫ t
0
pt−s(z− x)ds
∫
ξ∈∂K
e−x·ξ/t−|ξ|
2/2tHK(z, s; dξ).
By the scaling property of Brownian motion we have
FK(t,x) = r
dFK/r(t/r
2,x/r), (4.5)
and similarly for F ∗K . The function F
∗
K is easier to deal with than FK , and the difference of
the two is negligible for the present purpose as one can read off from the following lemma.
Lemma 4.2. Let M be a positive constant. For RKx/t < M and t > R
2
K ,
|FK(t,x)− F ∗K(t,x)| ≤ cMγKR2K
[
1 +
√
t/RK
]
,
where cM is a constant depending only on M and d, and
γK = 1 or Cap(K) according as d = 2 or d ≥ 3.
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Proof. The proof is similar to that of Lemma 4.3 of [25]. Let h > 4R2K be a constant that will
be suitably chosen later depending on M (see the part (c) below). Putting T := s(t− s)/t, we
bring in the following sub-regions of [0, t]× ΩK
Dh = {(s, z) : t− h ≤ s < t, z ∈ ΩK},
Dh = {(s, z) : 0 ≤ s < a, z ∈ ΩK},
D> = {(s, z) : h ≤ s < t− h, |z− (s/t)x| ≥
√
8T lg(T/R2K), z ∈ ΩK},
D< = {(s, z) : h ≤ s < t− h, |z− (s/t)x| <
√
8T lg(T/R2K), z ∈ ΩK},
and restrict to them the integrals that define FK or F
∗
K . Denote the ratios to pt(x) of the
corresponding integrals for FK by J{Dh}, J{Dh}, etc. and those for F ∗K by J∗{Dh}, J∗{Dh},
etc.
Suppose d ≥ 3. Of the first three regions above we evaluate the corresponding integrals J
and J∗ separately, and verify that they are all bounded from above by
cMR
2
KCap(K) (4.6)
in the paragraphs (a), (b) and (c) below. The actual computations are given only for FK , those
for F ∗K being similar and much simpler. From Proposition 6.3 we have
qK(z, t) ≤ κdCap(K)pt(z)e2RK |z|/t for t > R2K , z ∈ ΩK . (4.7)
For simplicity let RK = 1 in what follows, which gives no loss of generality because of the
scaling property (4.5), and suppose t > 2h and x < Mt. Denote by cM , c
′
M etc. unimportant
positive constants that depends only on M and d.
(a) Dh: Use the inequality
HK(z, s; dξ) ≤
∫
ΩK
p1(y − z)HK(y, s− 1; dξ)|dy| (s > 1)
and perform integration by z first. Then, after changing variable of integration, we have
J{Dh} ≤ 1
pt(x)
∫ h
0
ds
∫ ∫
ΩK×∂K
ps+1(y − x− ξ)HK(y, t− s− 1; dξ)|dy|.
Using the inequality |α − ξ|2 ≥ 1
2
|α|2 − |ξ|2 (α ∈ Rd) we find that ps+1(y − x − ξ) ≤
2d/2e|ξ|
2/2(s+1)p2s+2(y − x). Thus the inner double integral over ΩK × ∂K is dominated by
2d/2e
∫
ΩK
p2s+2(y − x)qK(y, t− s− 1)|dy|,
and owing to (4.7) we obtain J{Dh} ≤ c′MCap(K)
∫ h
0
pt+s+1(x)ds/pt(x) ≤ cMCap(K) as de-
sired, where we also have applied the assumption x < Mt.
(b) Dh: Noting supξ∈K pt−s(z− x− ξ) < κdpt+1(z− x) (s < h) and σK ≥ σU(1) we see
J{Dh} ≤ κd
pt(x)
∫
ΩK
pt+1(z− x)Pz[σK < h]|dz| ≤ κd
pt(x)
Px[t + 1 ≤ σK ≤ t+ 1 + h],
and applying (4.7) again we conclude J{Dh} ≤ cMCap(K).
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For the rest of this proof we shall use the identity
ps(z)pt−s(z− x) = pt(x)pT
(
z− s
t
x
)
, (4.8)
where
T = T (t, s) =
s(t− s)
t
.
(the second factor on the right-hand side of (4.8) is the probability density of the Brownian
bridge at time s ∈ (0, t)).
(c) D>: Using the inequality ps(x)e
2x/s ≤ κd ps+1(x) (s > 1) as well as (4.7) we have
J{D>} ≤ cMCap(K)
pt(x)
∫ t−h
h
ds
∫
|z−(s/t)x|>√8T lg T
ps+1(z)pt−s+1(z− x)|dz|.
On writing t′ = t+2, s′ = s+1 and T ′ = s′(t′−s′)/t′ the integral on the right-hand side divided
by pt+2(x) equals
∫ t−h
h
ds
∫
|z−(s/t)x|>√8T lgT pT ′(z − s
′
t′
x)|dz|. Noting |s′/t′ − s/t|x ≤ x/t < M ,
choose h = hM > 4 so that
√
8T lg T −M ≥ √5T ′ lg T ′ for h < s < t − h, and we can then
replace the range of the inner integral by |z− s′
t′
x| > √5T ′ lg T ′ to deduce that
J{D>}
Cap(K)
≤ cM
∫ t−h
h
ds
∫ ∞
√
5 lgT ′
e−u
2/2ud−1du ≤ c′M
∫ t′−h
h+1
ds′
[s′(t′ − s′)/t′]2 ≤ c
′′
Mh
−1
as required.
(d) D<: We continue to suppose RK = 1. Using (4.8) we observe
ps(z)
pt(x)
[
pt−s(z− x− ξ)− e−x·ξ/t−|ξ|2/2tpt−s(z− x)
]
(4.9)
=
pt(x + ξ)
pt(x)
[
pT
(
z− s
t
(x + ξ)
)
− pT
(
z− s
t
x
)]
.
For (s, z) ∈ D< we have |z− stx|/T ≤
√
8(lg T )/T < 3 and, on using |eα−p − 1| ≤ e|α|(|α|+ p)
(p ≥ 0), ∣∣∣∣pT(z− st (x+ ξ)
)
− pT
(
z− s
t
x
)∣∣∣∣ (4.10)
= pT
(
z− s
t
x
)∣∣∣∣∣ exp
{
s/t
T
[(
z− s
t
x
)
· ξ − s|ξ|
2
2t
]}
− 1
∣∣∣∣∣
≤ e3pT
(
z− s
t
x
)
1
t− s
[
|ξ|
∣∣∣∣z− stx
∣∣∣∣ + s|ξ|22t
]
.
Hence, if x ≤ Mt,
|J{D<} − J∗{D<}|
≤ e3eM
∫
D<
1
ps(z)
· pT
(
z− s
t
x
)
1
t− s
(∣∣∣∣z− stx
∣∣∣∣+ s2t
)
qK(z, s)ds|dz|.
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On D< we have |z| < (M + 1)s and, noting
∫
pT (y)|y||dy| ≤ κd
√
T , we apply (4.7) to deduce
that the integral above is at most a constant multiple of
Cap(K)
∫ t−h
h
1
(t− s)
[√
T +
s
t
]
ds ≤ C ′Cap(K)√t. (4.11)
This completes the proof of Lemma 4.2 if d ≥ 3. In the case d = 2 one may go through with
the same proof except that he uses Proposition 6.5 in place of Proposition 6.3.
Proof of Theorems 4.1 and 4.2. Owing to Lemma 4.2 as well as Corollary 4.1 it suffices to
show that as x/t→ 0 and t→∞ the function F ∗K(t,x), which may obviously be written as
1
pt(x)
∫ t
0
ds
∫
z∈ΩK
pt−s(z− x)qK(z, s)|dz|(1 +O(x/t)), (4.12)
has the same asymptotic form as given on the right-hand side of (4.1) if d ≥ 3 and that of
(4.2) if d = 2. Put Dt =
{
(s, z) : 4 < s < t/2, |z− (s/t)x| < √2s lg s, z ∈ ΩK
}
.
Let d ≥ 3. Considering Dt in place of D< we argue as in the proof of Lemma 4.2. Observe∫
|z−(s/t)x|≥√2s lg s pT (z− stx)|dz| = O(1/s), s > 1 (valid even if s, t are replaced by s+ 1, t+ 1)
and use Theorem 3.1 to see that the inner integral restricted to Dt equals
Cap(K)pt(x)
∫
|z−(s/t)x|<√2s lg s
Pz[σK =∞]pT
(
z− s
t
x
)
|dz|(1 + o(1))
= Cap(K)pt(x)(1 + o(1)),
where in the last line o(1) → 0 as s → ∞. Hence the integral on the lower half interval
0 < s < t/2 gives half the asserted leading term in Theorem 4.1. The other half is dealt with
in an analogous way and the details are omitted.
The case x < M
√
t of d = 2 follows from the result for U(a) given in Remark 5 (b) on noting
that qK has the same asymptotic form as qU(1) (for large space variable) owing to Theorems
2.1 and 3.2 and that the repeated integral (4.12) restricted on the outside of Dt is negligible.
As for the other case of d = 2, of which the proof is somewhat involved if argued as above, we
apply Proposition 4.1 of the next subsection, which immediately implies the asserted result in
view of Theorem 3.2.
4.2 Case x/
√
t→∞
Here we consider the case x/
√
t → ∞, mostly the case x/t → ∞. The main results are
presented in the first part of this subsection and proofs of them will be given in the second
through fourth parts. Throughout this subsection we fix a unit vector e ∈ ∂U(1).
4.2.1. Statements of results. Combined with Theorems 3.1 and 3.2 the next
proposition covers the case x/
√
t → ∞ of Theorems 4.2 as noted at the end of the preceding
subsection. It also plays a substantial role in the proof of Theorem 3.5 and Theorem 4.3 below.
K continues to denote a non-polar compact set of Rd.
Proposition 4.1. As x2/t→∞ and t→∞
E0 [ vold(SK(t)) |Bt = x] = t
p
(d)
t (x)
· Ex[e
−Bσ(K)·x/t; σK ∈ dt]
dt
+ o(ζd(x, t)),
where ζd(x, t) = t ∨ x if d ≥ 3 and ζ2(x, t) = t/ lg(t/x) (x < t/2); = x (x ≥ t/2).
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Theorem 4.3. Let d ≥ 2, x = xe for e ∈ ∂U(1) fixed. Suppose the condition (3.41) to be
satisfied. Then as x/t→∞ and t→∞,
E0 [ vold(SK(t)) |Bt = x] = vold−1(preK)x+ o(x). (4.13)
The proofs of these two results and that of Theorem 3.5 are interrelated in a way. Our
proof of Proposition 4.1 is quite involved: the difficulty occurs when x/t becomes indefinitely
large, otherwise the proof being easy. The upper bound for the asymptotic relation (4.13) is
relatively easy and the result is useful for the proof of Proposition 4.1 in the case x/t → ∞.
The lower bound of some cases of K of special shape is easy and it together with the upper
bound is used for the proof of Theorem 3.5, which combined with Proposition 4.1 immediately
gives Theorem 4.3.
In the rest of this part we give a proof of the assertion (vi) of Section 1, which concerns
the case when x/t approaches a positive constant v, and need Proposition 4.1. We remind the
reader that for each a > 0, the function gav(θ) =
∑∞
n=0
K0(av)
Kn(av)
Hn(θ) is a probability density on
∂U(1) with respect to m1(dξ) on the understanding that θ = θ(ξ) is the colatitude of ξ relative
to the (arbitrarily chosen) vector e which is taken for the north pole (see (2.7)).
Proof of (vi) of Summary of Main Results.
The second formula of (vi) follows immediately from the first owing to Proposition 4.1. As for
the first one we recall the Huygens decomposition (3.1) with R = RA (under the convention
that for y ∈ Ar, HA(y, s; Γ) = δ(s)1(y ∈ Γ) where δ(s), s ≥ 0 is the Dirac delta function)
and apply Theorems 2.1 and 2.4. We split the outer integral at
√
t and t/2 as in the proof
of Lemma 3.1 and denote the corresponding integrals by I[0,
√
t](Γ), I[
√
t,t/2](Γ) and I[t/2,t](Γ).
(Here we should take
√
t/RA in place of
√
t, but we do not do that since the exponent 1/2 is
rather arbitrarily chosen from (0, 1).) Plainly,
I[
√
t,t/2](∂A) ≤ sup√
t<s≤t/2
q(x, t− s;RA)
∫ t/2
√
t
sup
ξ∈∂U(RA)
qA(ξ, s)ds, and
I[t/2,t](∂A) ≤ Px[σU(RA) < 12t] sup
ξ∈∂U(RA), t/2≤s≤t
qA(ξ, s).
By Propositions 6.4 (d=2) and 6.3 (d ≥ 3) and Theorem 2.1
qA(ξ, s) ≤ CAq(2RA, s;RA) (ξ ∈ ∂U(RA), s > R2A), (4.14)
where CA = CβAeA(ξ) if d = 2 and = κdCap(A)/R
2ν
A if d ≥ 3 (note that qA(ξ, s) = 0 if ξ ∈
Ar, s > 0). Write v˜ = x/t. Noting that pt−s(x) is decreasing in s whenever 0 < t− s < d−1x2,
that
pt−√t(x)/pt(x) ≤ (1− 1√t)−d/2e−x
2/2t
√
t ≤ 2e− 12 v˜2
√
t,
and that Λν is increasing, we then infer that
I[
√
t,t/2](∂A) ≤ 2CAR2νΛν(Rv˜)pt(x)e−
1
2
v˜2
√
t
∫ ∞
√
t
q(2RA, s;RA)ds.
In view of Theorem 2.2 and the upper bound of qA(x, t) given in (4.14), I[t/2,t](∂A) is much
smaller than the right-hand side above because pt/2(x) ≍ pt(x)e−v˜2t/2. Putting these together
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we apply Theorem 2.4 to conclude that as x/t→ v
HA(x, t; Γ)/pt(x)
= R2νA Λν(RAv˜)
[∫ √t
0
pt−s(x)ds
pt(x)
∫
∂U(1)
HA(RAξ, s; Γ)gRAv(θξ,x)m1(dξ)(1 + o(1)) + εt,x(Γ)
]
,
where εt,x is a measure on ∂A such that
εt,x(∂A) ≤ 2CAe− 12 v˜2
√
t
∫ ∞
√
t
q(2RA, s;RA)ds (4.15)
and θ = θξ,x is the colatitude of ξ relative to e = x/x. The measure kernel λA introduced in
Main result II of Section 1 may be written as
λA(v; Γ) =
∫ ∞
0
e−v
2s/2ds
∫
∂U(1)
HA(RAξ, s; Γ)gRAv(θξ,v)m1(dξ)
for v = |v| > 0. Noting pt−s(x) ∼ pt(x)e−v˜2s/2, we then deduce from the expression of
HA(x, t; Γ)/pt(x) given above that for each Γ ⊂ ∂A with H∞A (Γ) > 0, as v˜ = x/t→ v > 0
HA(x, t; Γ) ∼ pt(x)R2νA Λν(RAx/t)λA(x/t; Γ).
For Γ = ∂A, this may be written as λA(v; ∂A) ∼ qA(x, t)/pt(x)R2νA Λν(RAx/t). Hence, using
Propositions 6.3 and 6.4 again we obtain
λA(v; ∂A) ≤ cMγA/R2νA ,
where γA = 1 if d = 2; = Cap(A) if d ≥ 3 as in Lemma 4.2. By the identity
λA(0; Γ) =
∫
∂U(1)
PRAξ[BσA ∈ Γ, σA <∞]m1(dξ)
=
{
H∞A (Γ) (d = 2)
G(d)(RA)Cap(A)H
∞
A (Γ) (d ≥ 3)
(4.16)
(see (3.36) for the second equality) and the continuity of λA(v; ·) at v = 0 one observes that
the two asymptotic formulae of (vi) are valid uniformly about v = 0 and in particular they
recover the results in the regime x/t→ 0 given in (iii), (iv) and the second half of (v).
The asserted uniform convergence in total variation norm is now easily checked in view of
(4.15). Formula (1.12) is an immediate consequence of Theorem 2.4 and Proposition 4.1.
4.2.2. Upper bound for Theorem 4.3. The upper bound for the asymptotic relation
(4.13) follows from the next lemma as we shall see after its proof. The proof of the lower bound
is postponed to Section 4.2.4.
Lemma 4.3. For a > 0 and h > 0 put C = {z : 0 ≤ z · e ≤ h and |pre z| ≤ a} (a circular
cylinder of height h, radius a and axis e). Then, uniformly for x > t∨ h, a > 0 and h > 0, as
t→∞
(i) E0[ vold(SC(t)) |Bt = xe] = cd−1ad−1x+O
(
ad−2
√
(h ∨ 1)tx + ad−1t
)
; and
(ii)
(
E0[( vold(SC(t)))
2 |Bt = xe]
)1/2
= cd−1ad−1x+O
(
ad−2
√
(h ∨ 1)tx + ad−1t
)
,
where cn denotes the volume of n-dimensional unit ball.
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Proof. We give a proof only for d = 2, the higher dimensional case being essentially the same.
Let e = e0 = (1, 0) and write B
′
t and B
′′
t for the first and the second component of Bt so that
Bt = (B
′
t, B
′′
t ). For the first assertion (i) the lower bound is obvious: the expectation in it is
bounded below by cd−1ad−1x. To see the upper bound let ε > 0 and put N = ⌈t/ε⌉ (for t > ε)
and tk = kt/N , so that ε(1 − ε/t) < tk+1 − tk ≤ ε. Let v = x/t. Noting that the conditional
law of (Bs) given Bt = xe0 equals that of (Bs + vse0) given Bt = 0, we bring in the variables
ξ+k = sup
tk≤s≤tk+1
(B′s + vs), ξ
−
k = inftk≤s≤tk+1
(B′s + vs); and
ηk = sup
tk≤s≤tk+1
|B′′s − B′′tk |.
Write ∆kS for SC(tk+1) \ SC(tk) and Y ±k = B′′tk ± a. We decompose ∆kS into two parts
∆kS \ (R× [Y −k , Y +k ]) and ∆kS ∩ (R× [Y −k , Y +k ]). For the first part we have
∆kS \ (R× [Y −k , Y +k ]) ⊂
(
[ξ−k , ξ
+
k + h]× ([Y +k , Y +k + ηk] ∪ [Y −k − ηk, Y −k ])
)
of which the volume of the right-hand side is at most
2(h+ ξ+k − ξ−k )ηk. (4.17)
As for the second part note that ξ−k ≤ ξ+k−1 and |Y +k − Y +k−1| ∨ |Y −k − Y −k−1| ≤ ηk−1 and that
SC(tk) includes the rectangle
[ξ−k−1, ξ
+
k−1 + h]× [Y −k + 2ηk−1, Y +k − 2ηk−1]
([s, t] is understood to be the empty set if s > t), and we then deduce that
∆kS ∩ (R× [Y −k , Y +k ])
⊂ ([ξ+k−1 + h, ξ+k + h]× [Y −k , Y +k ])
⋃
([ξ−k−1 ∧ ξ−k , ξ−k−1]× [Y −k , Y +k ])⋃(
[ξ−k−1, ξ
+
k−1 + h]×
(
[Y +k − 2ηk−1, Y +k ] ∪ [Y −k , Y −k + 2ηk−1]
))
(k = 1, . . . , N − 1) and ∆0S ∩ (R× [Y −0 , Y +0 ]) ⊂ [ξ−0 , ξ+0 ]× [−a, a]). Combined with the bound
(4.17) this shows
area(SC(t)) ≤
N−1∑
k=0
2a(ξ+k − ξ+k−1) + 6
N−1∑
k=0
(h + ξ+k − ξ−k )ηk (4.18)
+ 2a
N−1∑
k=0
(ξ−k − ξ−k+1) ∨ 0,
where ξ+−1 is understood to be ξ
−
0 . The expectations under the conditional measure given
Bt = 0 of the variables ξ
+
k − ξ−k and ηk are at most constant multiples of vε+
√
ε and of
√
ε,
respectively, for every k: indeed, if E00 denotes the conditional expectation given B0 = Bt = 0,
E00 [η
2
k] ≤ 2E0
[
sup
tk≤s≤tk+1
|B′′s − B′′tk |2 + (εt−1|B′′t |)2
]
< Cε+ C ′ε2/t ≤ C ′′ε
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and similarly for ξ+k −ξ−k . Observe ξ−k −ξ−k+1 ≤ −vε−inf tk+1≤s≤tk+2(B′s−B′tk), and by employing
the Schwarz inequality and the expression of the pinned Brownian by means of a free Brownian
motion we infer that
E00 [(ξ
−
k − ξ−k+1) ∨ 0] ≤ C
√
ε
(
P0
[
sup
tk<s<tk+2
B′s −B′tk + εt−1|Bt| > vε
])1/2
≤ C ′√εe−εv2/16;
also
E00 [ξ
+
N−1 − ξ−0 ] ≤ x+ 2E00 [ sup
0≤s≤ε
|B′s|] ≤ x+ C
√
ε.
Now take ε = (h ∨ 1)/v, which entails ε < t for x > h. Putting these bounds together, an
elementary computation then leads to∣∣∣E0[area(SC(t)) |Bt = xe0]− 2ax∣∣∣ ≤ C ′′′[at +√(h ∨ 1)xt ].
Thus (i) is verified. It is easy to check that E00 [(ξ
−
k − ξ−k+1) ∨ 0)2] ≤ Cεe−v/16 and the compu-
tations carried out above also deduce the assertion (ii) from (4.18).
From the proof of Lemma 4.3 its first assertion (i) may be slightly generalized. For 0 ≤
α < β, put
SK [α, β) = {z ∈ Rd : z−Bs ∈ K for some s ∈ [α, β)}. (4.19)
Then for any δ ∈ (0, 1], if [α, β) ⊂ [0, t) with β − α = δt, then∣∣∣E0[ vold(SC [α, β)) |Bt = xe]− cd−1ad−1δx∣∣∣ ≤ C[atδ +√(h ∨ 1)xt δ +√(h ∨ 1)/v ] (4.20)
(provided x > t ∨ h, h > 0). Since {z ∈ ΩK : σ−K+z ∈ [α, β)} ⊂ SK [α, β) ∩ΩK , by Lemma 4.1
we have∫
z∈ΩK
|dz|
∫ β
α
ds
∫
ξ∈∂K
pt−s(z− x− ξ)HK(z, s; dξ)
pt(x)
≤ E0[vold(SK [α, β)) |Bt = xe]. (4.21)
We shall need an upper bound of the expectation on the right, which may be stated as follows.
Corollary 4.3. For each δ ∈ (0, 1] and e ∈ ∂U(1), uniformly for 0 ≤ α < β ≤ t with β−α = δt
and for x ≥ t, as t→∞,
E0[vold(SK [α, β)) |Bt = xe] ≤ vold−1(preK)δx+ cKδx/
√
v + o(x).
Here o(δx) may depend on K and cK is a constant depending only on K.
Proof. Suppose δ = 1 so that [α, β) = [0, t). Given ε > 0, we can find a finite number of
balls bn ⊂ ∆e, n = 1, . . . , N such that preK ⊂ ∪bn and
∑
vold−1(bn) < vold−1(preK) + ε. By
Lemma 4.3 we have that E0[vold(SK(t)) |Bt = xe]/x ≤
∑N
n=1
(
vold−1(bn) +O(1/
√
v)
)
, where
O(1/
√
v) is independent of the choice of (bn), entailing the asserted inequality of the lemma.
For the case δ < 1 we have only to use (4.20) instead of Lemma 4.3.
Corollary 4.4. Let K be a compact set of Rd such that K lies on a plane perpendicular to e.
Then as x/t→∞ and t→∞, E0[vold(SK(t)) |Bt = xe] = vold−1(K)x+ o(x).
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Proof. The lower bound holds path-wise due to the hypothesis on K, whereas the upper bound
follows from Corollary 4.3.
4.2.3. Proof of Proposition 4.1. Let K be a compact set of Rd (d ≥ 2). In terms of
HK Proposition 4.1 may be stated as follows: as x/
√
t→∞ and t→∞
E0[ vold (SK(t)) |Bt = x] =
∫
ξ∈∂K
e−x·ξ/tHK(x, t; dξ)
t
pt(x)
+ o(ζd(x, t)). (4.22)
The proof is performed by showing Lemmas 4.4 through 4.7 given below. Let h = 4R2A and
for 2h < t1 ≤ t define
F x,tK (t1) =
1
pt(x)
∫
z∈ΩK
|dz|
∫ t1−h
h
pt−s(x− z)ds
∫
∂K
e−x·ξ/tHK(z, s; dξ). (4.23)
Lemma 4.4. For each δ ∈ (0, 1], as x/√t→∞ and t→∞
E0[ vold (SK(δt)) |Bt = x] = F x,tK (δt)(1 + o(1)) + o(x). (4.24)
Proof. The proof is given only for the case δ = 1, the case δ < 1 being dealt with in the same
way. Note that F x,tK (t) is substantially the same as F
∗
K(t,x) defined in Section 4.1 except for
the contribution to the latter integral from the intervals [0, h] and t− h, t] and the assertion of
the lemma follows from Lemma 4.2 when x < Mt (with any M > 0) (see the remark given at
(4.6)). Thus we may and do suppose x/t > 1. By Lemma 4.3 E0[ vold (SK(t)) |Bt = x] is then
bounded by a positive multiple of x; by Corollary 4.1 this expectation is expressed as
1
pt(x)
∫
z∈ΩK
|dz|
∫ t
0
ds
∫
ξ∈∂K
pt−s(z− x− ξ)HK(z, s; dξ) + vold(K). (4.25)
The rest of the proof is carried out in five steps, where we let RA = 1 for simplicity.
Step 1. We first consider the above integral (w.r.t. |dz|ds) restricted to the region
Dt =
{
(z, s) :
∣∣∣z− s
t
x
∣∣∣ <√8T lg T , 4 ≤ s < t− 4, z ∈ ΩK}, (4.26)
where T = s(t− s)/t. Observing that
x− z
t− s =
x
t
− y
t− s where y := z−
s
t
x, (4.27)
we obtain within Dt
pt−s(z− x− ξ)
pt−s(x− z) = exp
[
(z− x) · ξ − 1
2
|ξ|2
t− s
]
= exp
[
− x · ξ
t
+O
(√
T lg T
t− s
)]
. (4.28)
The ratio
√
T lg T/(t−s) = (s/t)√T−1 lg T is bounded for 4 < s < t−4 and approaches zero
as t− s→∞. For (z, s) ∈ Dt, the ratio of two integrands involved in (4.23) and (4.25), being
equal to pt−s(z−x−ξ)
pt−s(x−z) e
x·ξ/t , therefore is bounded away from zero and infinity and approaches
unity uniformly for 4 < s < s0 as t − s0 → ∞. In view of (4.21) and Corollary 4.3 we then
infer that if 4 ≤ α < β ≤ t− 4 and β − α = δt, the contributions from the interval α ≤ s ≤ β
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to both of the integrals in (4.25) and (4.23) restricted to Dt are [O(δx) + o(x)]× pt(x). It also
follows that the ratio of the contributions from s < (1− δ)t to these integrals restricted to Dt
approaches unity for each δ > 0. Taking these into account we conclude that the difference of
two integrals restricted to Dt is o(xpt(x)).
In the sequel of this proof we denote the right-hand side of (4.23) with the outer double
integral restricted to a region D ⊂ ΩK × [0, t] by F{D} = Fx,tK {D}:
F{D} := 1
pt(x)
∫
(z,s)∈D∩(ΩK×[4,t−4])
pt−s(x− z)|dz|ds
∫
∂K
e−x·ξ/tHK(z, s; dξ);
similarly denote by S{D} the corresponding integral for (4.25):
S{D} := 1
pt(x)
∫
(z,s)∈D
|dz|ds
∫
ξ∈∂K
pt−s(x− z+ ξ)HK(z, s; dξ).
Then F x,tK (t) = F{ΩK × [0, t]} and E0[ vold (SK(t)) |Bt = x] = S{ΩK × [0, t]}+O(1); (4.21) is
written as
S{ΩK × [α, β)} ≤ E0[vold(SK([α, β)) |Bt = x]; (4.29)
and by what we have observed right after (4.28) it follows that
F{Dt ∩ (ΩK × [α, β])} ≤ Cβ − α
t
x+ o(x) (4 ≤ α < β ≤ t− 4) (4.30)
and that the difference S{Dt} − F{Dt} is negligible in the sense that
S{Dt} − F{Dt} = o(x). (4.31)
Owing to (4.31) the formula of the lemma follows if the contribution from the complement of
Dt to each of these two integrals is evaluated to be o(x) so as to yield
S{ΩK × [0, t]} = S{Dt}+ o(x), (4.32)
and
F x,tK (t) = F{Dt}+ o(x). (4.33)
We shall verify (4.32) in Step 2 and (4.33) in Steps 3 through 5. In view of what is mentioned
at the beginning of this proof these relations hold if x < Mt for each M > 0, and hence for
the proof we may suppose v →∞, and we shall do so in Steps 3 through 5.
Step 2. Put Dˆt = (ΩK × [0, t)) \Dt, so that (4.32) is written as S{Dˆt} = o(x). According
to Corollary 4.2
S{Dˆt} = E0[ vold ({z : (z, σ−K+z) ∈ Dˆt}) | Bt = x]. (4.34)
Plainly {z ∈ ΩK : (z, σ−K+z) ∈ Dˆt} is included in {z ∈ ΩK : σ−K+z ≤ t} ⊂ SK(t) and not
empty only under the occurrence of the event
E := {∃s ≤ t, (Bs + ξ, s) ∈ Dˆt for some ξ ∈ K}.
Hence the conditional expectation in (4.34) is dominated by
E0[ vold (SK(t)); E |Bt = x].
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Combined with (ii) of Lemma 4.3 (applied with a = 1) an application of Schwarz inequality
yields that for each ε > 0 the last conditional expectation is at most vold−1(preK) times a
constant multiple of(
P0
[
∃s ∈ [εt, (1− ε)t], (Bs + ξ, s) ∈ Dˆt for some ξ ∈ K
∣∣∣Bt = x])1/2x+ εx.
Here we have also applied (4.29) as well as Corollary 4.3—or rather (4.20)—to obtain the upper
bound εx for the contribution from the intervals [0, εt] and [(1− ε)t, t].
We claim that for each ε > 0 the conditional probability above tends to zero. For the proof
we may disregard the dependence on ξ of the event under P0. By scaling property of Brownian
motion we infer that
P0[∃s ∈ [εt, (1− ε)t], (Bs, s) ∈ Dˆt |Bt = x]
= P0[∃u ∈ [ε, 1− ε], |Bu − ux/
√
t | ≥
√
8(u(1− u) lg T |B1 = x/
√
t ]
= P0[∃u ∈ [ε, 1− ε], |Bu| ≥
√
8(u(1− u) lg[tu(1− u)] |B1 = 0]
→ 0
as t→∞, verifying the claim, which entails that the conditional expectation in (4.34) is o(x).
Thus (4.32) is verified as required.
Step 3. We must verify (4.33), which we may write down explicitly as
F x,tK (t)− F{Dt}
=
1
pt(x)
∫ t−4
4
ds
∫
|z−(s/t)x|≥√8T lg T , z∈ΩK
pt−s(x− z)|dz|
∫
∂K
e−x·ξ/tHK(z, s; dξ)
= o(x). (4.35)
For simplicity we suppose that v →∞ in the rest of the proof as mentioned at the end of Step
1. For a constant R ≥ 3, we take √8T (Rv ∨ lg T ) in place of √8T lg T in the definition of Dt
and denote the resulting region by D′x:
D′x =
{
(z, s) :
∣∣∣z− s
t
x
∣∣∣ <√8T (Rv ∨ lg T ), 4 < s < t− 4, z ∈ ΩK},
and its complement in ΩK × [4, t − 4] by Dˆ′x. Plainly Dt ⊂ D′x, so that F x,tK (t) − F{Dt} =
F{Dˆ′x}+ F{D′x \Dt}.
First we evaluate F{Dˆ′x}. Using Propositions 6.3 and 6.5 and Theorem 2.1, we see that∫
∂K
e−x·ξ/tHK(z, s; dξ) ≤ eRKvqK(z, s) ≤ CγKeRvps(z), and by using the identity (4.8) and
changing the variable according to y = z− s
t
x (as in (4.27)) the integral to be evaluated is at
most
CγKe
Rvpt(x)
∫ t−4
4
ds
∫
|y|>√8TRv
pT (y)|dy| ≤ C ′γKpt(x)vνe−3Rvt,
where γK = 1 if d = 2; = Cap(K) if d ≥ 3 as in Lemma 4.2. Thus
F{Dˆ′x} = o(x). (4.36)
The rest of this proof is devoted to showing F{D′x \Dt} = o(x), in which the relation (4.32)
(already verified in Step 2) will be used in a significant way. Here we write down it in the
following reduced form:
S{D′t \Dt} = o(x). (4.37)
31
If v < lg(t ∨ 2) [the choice of lg(t ∨ 2) is rather arbitrary; it may be, e.g., t1/4], then the
integral defining F{D′t \Dt} restricted to s ≤ t/2 is negligible owing to (4.37), since then the
O term in (4.28), which is now O(
√
T (Rv ∨ lg T )/(t− s)), is bounded for s ≤ t/2 so that we
have in effect the same integrand as that of the integral defining S{D}. Therefore we have
only to evaluate the integral in (4.35) over D′x \Dt in the situation when
either (i) v ≥ lg(t ∨ 2) or (ii) s > t/2 and v < lg(t ∨ 2). (4.38)
Putting v = x/t and
ϕ(ξ, u) =
∫
∂K
e−v·ξ1HK(ξ, u; dξ1),
we write the inner integral in (4.35) in the form∫
∂K
e−x·ξ1/tHK(z, s; dξ1) =
∫ s
0
du
∫
∂U(R)
ϕ(ξ, u)HU(R)(z, s− u; dξ). (4.39)
Denote the last repeated integral restricted to [α, β]× ∂U(R) by
I[α,β] = I[α,β](s, z,v;R) (0 ≤ α < β ≤ s).
The contribution coming from the small interval [0,M/v] with a constantM > 2R is dominant
and problematic; we make its evaluation in the succeeding two steps. In the rest of the present
step we ascertain that the other part is negligible.
Let (z, s) ∈ D′x \Dt. Then under (4.38)∣∣∣z
s
− x
t
∣∣∣ ≤√8(Rv ∨ lg T )(t− s)/st ≤ C[√v/s ∨√(lg t)/t ] = O(√v ), (4.40)
hence z/s ∼ v (where z = |z|) and we deduce that for v large enough,
I[M/v,s] ≤ ev
∫ s
M/v
q(z, s− u;R)du ≤ Ce2Rvv−ηps−M/v(z)
with η = ν+ 3
2
> 0. Here we have employed Theorem 2.2 to evaluate the integral in the middle
member, which equals
∫ s−M/v
0
q(z, u;R)du. Observing z2/(s−M/v)−z2/s > Mz2/s2v > 1
2
vM ,
we then find that for t large enough,
I[M/v,s] ≤ C ′ps(z)e2Rve− 14vM ,
from which we infer that if M ≥ 9R, then
1
pt(x)
∫
D′x\Dt
pt−s(x− z) I[M/v,s](s, z,v;R)|dz|ds = o(x). (4.41)
Step 4. It remains to verify that for some suitably chosen constant R
1
pt(x)
∫
D′x\Dt
pt−s(x− z) I[0,M/v](s, z,v;R)|dz|ds = o(x). (4.42)
To this end we are going to apply Theorem 2.5. We take M = 9R for definiteness.
Look at the repeated integral on the right-hand side of (4.39) and let θ = θξ,x ∈ [0, π] be the
colatitude of ξ ∈ ∂U(R) relative to x taken as a north-pole so that cos θ = x · ξ/xR. Given a
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small positive number ε, we then break I[0,M/v] into two parts by splitting ∂U(R), the range of
the inner integral of the corresponding repeated integral for it, along the parallel of colatitude
θ = cos−1 ε and denote the part for cos θ > ε by I>ε[0,M/v] and the other by I
≤ε
[0,M/v]:
I>ε[0,M/v] =
∫ M/v
0
du
∫
∂U(R)
ϕ(ξ, u)1(cos θ > ε)HU(R)(z, s− u; dξ)
and similarly for I≤ε[0,M/v]. In the rest of this step we prove that the part I
≤ε
[0,M/v] makes only a
negligible contribution to (4.42) in comparison with the other part I>ε[0,M/v]—the latter will be
treated in the next step. For the proof, on putting
Z(ξ) =
∫ M/v
0
ps−u(z)ϕ(ξ, u)du,
it suffices to show that uniformly for (z, s) ∈ D′x subject to the condition (4.38),∫
cos θ≤ε Z(ξ)HU(R)(z, s; dξ)∫
∂U(R)
Z(ξ)HU(R)(z, s; dξ)
= O(e−v). (4.43)
As in (4.27) we let y = z− s
t
x so that z = sv + y. Let (z, s) ∈ D′x and (4.38) be satisfied.
On multiplying both sides of (4.40) by 1/v, we infer that
|z/z − x/x| = O(1/√v ), (4.44)
thus |z · ξ/zR − cos θ| = O(1/√v) (z = |z|). In view of (4.40) z/s ∼ v (as v → ∞), hence if
0 ≤ u ≤M/v in addition, then |z/(s− u)− z/s| = O(1/s) and we find
z
s− u =
x
t
+
y
s
+O(1/s); (4.45)
Note that (4.45) is valid in Dt (without assuming (4.38)), for in Dt, Rv on the left-hand side
of (4.40) may be dropped so that we have the better bound O(s−1 lg s) instead of O(
√
v),
although this do not improve the bound O(1/s) in (4.45).
With the help of (4.44) we apply Theorem 2.5 (ii) (or rather (2.9)) to see that for each
ε > 0,
HU(R)(z, s; {cos θ < ε})
HU(R)(z, s; ∂U(R))
≤ Ce−(1−ε)Rv+O(
√
v). (4.46)
where the factor vν−
1
2 that arises by the application is absorbed into eO(
√
v ). Obviously Z(ξ) ≥
e−v
∫M/v
0
ps−u(z)qK(ξ, u)du, of which we perform integration by parts for the integral on the
right. For v large enough we have −∂ups−u(z) ≥ 13v2ps−u(z), so that
Z(ξ) ≥ e−vps−M/v(z)Pξ[σK < M/v] + 1
3
v2e−v
∫ M/v
0
ps−u(z)Pξ[σK < u]du.
Plainly ps−u(z) = ps(z)e−v
2u(1+o(1))/2{1 + o(1)}. On the other hand, from Proposition 6.6
(applied with (u,R) in place of (t, x)) we infer that if R ≥ 10 and u < 1/10,
Pξ[σK < u] ≥ κdλ(K)pu(R)e−2R/u (ξ ∈ ∂U(R))
(λ(A) appears in Proposition 6.6 and is given at the beginning of Section 6.4). By the relation∫ (1+h)η/v
0
e−η
2/2u−v2u/2u−ν−1du ∼ 2(v/η)νKp(vη) ∼ (v/η)ν
√
2π/vη e−vη as v →∞ valid for each
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real numbers p, η > 0 and h > 0 ([8], p.146) an easy computation shows that for any δ > 0
small enough,
Z(ξ) ≥ κ′dλ(K)R−2νe−vps(z) exp{−vR
√
1 + 4R−1(1 + δ)}
for R > 1 and all sufficiently large v. Similarly, using Lemma 6.11 with the help of Lemma
2.1, we deduce that Pξ[σK < u] ≤ κdλ(K)u(d−3)/2pu(R)e3R/2u ≤ κ′dλ(K)pu(R)e2R/u, and then,
as above, that
Z(ξ) ≤ κ′′dR−2νevps(z) exp{−vR
√
1− 4R−1(1− δ)} (R > 5).
Now let ε = 1/10 in (4.46) and δ = 1/20. Then taking a large R (R = 20 suffices) we see
that
Z(ξ′)/Z(ξ) ≤ κ′′′d e2v+vR(
√
1+4R−1−√1−4R−1 )+2δvR ≤ κ′′′d e10v+
1
10
Rv for all ξ, ξ′ ∈ ∂U(R),
and that combining this with (4.46) leads to (4.43).
In below we fix the constant R as chosen above.
Step 5. In order to finish the proof it now suffices to show that
1
pt(x)
∫
D′x\Dt
pt−s(x− z)I>1/10[0,M/v](s, z;v;R)|dz|ds = o(x). (4.47)
Recall that this integral is obtained by reducing the range of (z, s) from that appearing in
F(D′x \ Dt), and we may further reduce the range by (4.38)—(z, s) is related to v within
D′x \Dt.
Let (z, s) ∈ D′x, u < M/v and (4.38) be satisfied. Then (4.45) is in force, by which we have
z · ξ/(s− u) = Rv cos θ + y · ξ/s+O(1/s), hence Theorem 2.5 (i) entails that
HU(R)(z, s− u; dξ) = ey·ξ/sps−u(z)V (dξ)
[
1 +O(v−1/2) +O(s−1)
]
if cos θ > 1/10, (4.48)
where V (dξ) = [ωd−1R2ν+1v]eRv cos θ cos θmR(dξ), so that the integral on the left-hand side of
(4.47) is dominated by a constant multiple of
∫
D′x\Dt
pt−s(x− z)dzds
∫ M/v
0
ps−u(z)du
∫
∂U(R)
ey·ξ/sϕ(ξ, u)1(cos θ > 1
10
)V (dξ). (4.49)
If we replace the range D′x \ Dt by Dt in this expression, the contribution to the resulting
integral from the error term O(s−1) on the right-hand side of (4.48) is at most o(xpt(x)) since
the contribution from the interval 4 < s < δt is O(δxpt(x)) for each δ, so that this integral
agrees with that in (4.47) with D′x \Dt replaced by Dt apart from an error term of magnitude
o(xpt(x)).
What is important for the argument made below is the fact that V is independent of
(z, s− u) since the following computation concerns only the ratio of the integral of
pt−s(x− z)ps−u(z)ey·ξ/s
over D′x \ Dt to that over Dt (for each 4 < s < t − 4 and u < M/v). It is convenient to
take y = z − s
t
x rather than z as the variable of integration, and the ranges of integration
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accordingly become
√
8T lg T < y = |y| ≤ √8RTv and y ≤ √8T lg T , respectively. Put
T ′ = (s− u)(t− s)/(t− u) so that
pt−s(x− z)ps−u(z) = pt−u(x)pT ′
(
z− s− u
t− ux
)
.
Then, observing that T ′ ∼ T , s > T ′ (s > 4, u < M/v) and
z− s− u
t− ux = y +
(t− s)u
(t− u)tx = y + b(u)
with |b(u)| ≤M for u ≤M/v, we infer that the ratio of the integral∫
√
8T lgT<y≤
√
8RTv
eξ·y/spT ′(y + b(u))|dy|
to the same integral but over y ≤ √8T lg T is bounded and tends to zero as s ∧ (t − s) →
∞ (so that T → ∞). Now we take account of the repeated integral (4.49) as well as the
corresponding one for the integral with Dt replacing D
′
x \ Dt, of which the latter admits the
bound (4.30). By making comparison between them we infer that for each δ > 0, the integral
in (4.47) restricted to ΩK × (δt, (1− δ)t) is pt(x)× o(x) on the one hand and that restricted to
ΩK × ([4, δt] ∪ [(1− δ)t, t− 4]) is dominated by a constant multiple of δx× pt(x) on the other
hand. Since δ may be made arbitrarily small this verifies (4.47). The proof of Lemma 4.4 is
complete.
Lemma 4.5. For each ε ∈ (0, 1) there exists a constant M such that if x2/t > M and t > M ,∫
Ws
qK(z, s)p
(d)
t−s(z− x)|dz| ≤ Cγ∗K(t)p(d)t (x)e−εx
2/5t for s ∈ [εt, t], (4.50)
where Ws := {z ∈ ΩK : |z · x|/x < 13sx/t}, γ∗K(t) = 1/ lg t or Cap(K) according as d = 2 or
≥ 3 and C is a universal constant.
Proof. We apply Propositions 6.3 (d ≥ 3) and 6.5 (d = 2) of Section 6 along with Theorem
2.1 for d = 2 to see that if R = 2RA,
qK(z, s) ≤ CγKR2ν [(Rz/s) ∨ 1] 12−νp(d)s (z)eRz/s (4.51)
(z = |z|). Writing z1 = z · e and y = |z− z1e| (e = x/x) and using the identity (4.8) we obtain
p(d)s (z)p
(d)
t−s(z− x) = p(d)t (x)p(d−1)T (y)p(1)T
(
z1 − s
t
x
)
, T = s(t− s)/t.
For simplicity let RK = 1. On substituting the obvious bounds
|z1 − stx| ≥ 23sx/t and z ≤ y + 13sx/t
valid on Ws, using
∫∞
η
p
(1)
T (y)dy ≤ ηp(1)T (η) if η ≥
√
T and letting ez/s dominate [(2z/s)∨1] 12−ν ,
the right-hand side of (4.50) is at most
C ′′γKex/tp
(d)
t (x)
[2sx
3t
p
(1)
T
(2sx
3t
)]∫
Rd−1
p
(d−1)
T (y)e
3|y|/s|dy|, (4.52)
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provided that x2/t > M and M is large enough. An elementary computation shows that the
integral above is at most Ce9T/2s
2
[1 + (T/s2)ν ], which is bounded by a universal constant for
s > 1. On the other hand, since αe−α
2/2 is decreasing for α > 1 and s/t
√
T ≥ √s/t, the
quantity in the square brackets is less than√
x2s
t(t−s) exp
{
− 2x2s
9t(t−s)
}
≤ c√εx2/t e−2εx2/9t for εt ≤ s ≤ t,
if 2
√
εx/3
√
t > 1. It is easy to see that if d ≥ 3, (4.52) is dominated by the right-hand side of
(4.50), provided M is taken so large that x > 20/ε. This shows the lemma for d ≥ 3.
For d = 2 the factor γK needs to be replaced by 1/ lg t, which may be ascertained by
slightly modifying the proof above with simple remarks. Indeed, if x ≥ t3/4, then (4.50) is
obtained in the argument made above, since the factor 1/ lg t is blotted out by an exponential
factor e−εx
2/5t of which the number 5 could be replaced by a little larger one. In the case
when x < t3/4, if y = |z− z1e| ≤ t3/4 (and |z1| < sx/3t, s > εt) so that z = O(s3/4), we have
qK(z, s) ≤ Cps(z)/ lg t instead of (4.51), hence conclude the bound (4.50) since the contribution
from y > t3/4 is negligible.
Lemma 4.6. (i) For any Borel set E ⊂ ∂K and 0 < s < t,
HK(x, t;E) ≤
∫
z∈ΩK
HK(z, s;E)p
(d)
t−s(z− x)|dz|. (4.53)
(ii) For each ε ∈ (0, 1) there exists a constant M such that if x2/t > M and t > M , then
for all s ∈ [εt, t] and E ⊂ ∂K,
HK(x, t;E) ≥ (1− ε)
∫
z∈ΩK
HK(z, s;E)p
(d)
t−s(z− x)|dz|
−Cγ∗K(t)p(d)t (x)e−εx
2/5t, (4.54)
where γ∗K(t) is the same function as defined in Lemma 4.5 and C is a universal constant.
Proof. Let 0 < s < t. The upper bound (4.53) follows from the identity
HK(x, t;E) =
∫
z∈ΩK
HK(z, s;E)Px[Bt−s ∈ dz, σK > t− s].
For the proof of the lower bound (4.54), let s ≥ εt and put Ws := {z : |z · e| < 13sx/t},
e = x/x as in Lemma 4.5. First we observe that the second term on the right-hand side of
(4.54) is an upper bound of the contribution from Ws to the integral in the first term. Indeed,
this follows by simply substituting ∂K for E and then applying Lemmas 4.5.
To complete the proof it suffices to show that as t→∞ and x/√t→∞∫
z/∈Ws HK(z, s;E)Px[Bt−s ∈ dz, σK < t− s]∫
z∈ΩK HK(z, s;E)pt−s(z− x)|dz|
−→ 0 (4.55)
uniformly for E ⊂ ∂K with H∞K (E) > 0 as well as for s ∈ [εt, t]. Since
Px[Bt−s ∈ dz, σK < t− s]/|dz| = Px[σK < t− s|Bt−s = z]pt−s(z− x),
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we have only to show that uniformly for z /∈ Ws and s ∈ [εt, t],
Px[σK < t− s|Bt−s = z]→ 0. (4.56)
On expressing the Brownian bridge by means of a free Brownian motion and reversing the time
the probability in (4.56) is expressed as Pz[Bu +
u
t−s(x − Bt−s) ∈ K for some u ∈ (0, t − s)],
and hence, on scaling the space and time variables, dominated by
sup
s∈[εt,t]
sup
y:y·e>sx/3t√t−s
Py
[
Bu − uB1 + ux√
t− s ∈
1√
t− sK for some u ∈ (0, 1)
]
.
Note that Bu−uB1 under Py has the same law as Bu−uB1+(1−u)y under P0. Now suppose
x/
√
t→∞ and t→∞ and first consider the case when s < t−1. Then since sx/3t√t− s→∞
so that |(1− u)y + ux/√t− s | → ∞, the supremum above obviously converges to zero. The
case when s ≥ t− 1 is also easy to dispose of.
Lemma 4.7. There exists a universal constant C such that for RKx < t,
∫
z∈ΩK
qK(z, s)p
(d)
t−s(x− z)|dz| ≤


CγKp
(d)
t (x) for R
2
K ≤ s ≤ t/2 (d ≥ 2),
Cp
(d)
t (x)
lg(t/RKx)
for RK
√
t ≤ s ≤ t/2 if d = 2.
Here γK = 1 if d = 2 and Cap(K) if d ≥ 3 (as before).
Proof. The proof rests on Propositions 6.3 and 6.5 as in that of Lemma 4.5. Let z = |z| and
e′ = z/z, and we make substitution from qK(z, s) ≤ γKps(z)e2RKz/s. Let R = 2RK . Recalling
the identity (4.8) we put T = s(t− s)/t. Then, observing the identity
pT (z− stx)eRz/T = pT (z− stx−Re′)eRx·e
′/(t−s)eR
2/T
and the inequality 1/s < 1/T , we deduce that if R2K < s < t/2 and RKx < t,
pt−s(x− z)qK(z, s) ≤ CγKpt(x)pT (z− stx−Re′), (4.57)
which shows the first inequality of the lemma.
For the proof of the second one, let d = 2 and RK = 1, and put Ws := {z ∈ ΩK : |z− stx| ≤√
4T lg T}. From (4.57) it follows that the integral over the outside ofWs is negligible. For the
evaluation of the integral inside Ws we consider the following two subcases of
√
t ≤ s ≤ t/2:
(i) s
t
x <
√
s lg t or (ii) s
t
x ≥ √s lg t
(or, equivalently, s is less than [(t/x) lg t]2 or not). Note that s/2 ≤ T < s and if (i) is the case,
then for z ∈ Ws, z = O(
√
s lg s) so that qK(z, s) ≤ Cps(z)/ lg t since s ≥
√
t. On the other
hand, for z ∈ Ws, we have z/s = x/t + O(
√
s−1 lg t) and, in the case (ii), z/s ∼ x/t, so that
qK(z, s) ≤ Cps(z)/ lg(t/x). Hence, in either case, qK(z, s) ≤ Cps(z)/ lg(t/x) in Ws, so that for
z ∈ Ws, we may multiply the right-hand side of (4.57) by 1/ lg(t/x) and thus find the second
inequality of the lemma.
Proof of Proposition 4.1. Let RA = 1. In view of Lemma 4.4 it suffices to prove the required
relation (4.22) with F x,tK (t) replacing E0[vold(SK(t))|Bt = x]. Picking 0 < ε < 1/2, we perform
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the integration by z first in the triple integral defining F x,tK (t)− F x,tK (εt+ 4) and then use the
inequality (4.54) to find that
F x,tK (t)− F x,tK (εt+ 4) =
1
pt(x)
∫
z∈ΩK
|dz|
∫ t−4
εt
pt−s(x− z)ds
∫
∂K
e−ξ·x/tHK(z, s; dξ)
≤ t
pt(x)
∫
ξ∈∂K
e−ξ·x/tHK(x, t; dξ) + Ctγ
∗
K(t)e
−εx2/5t sup
ξ∈K
e−x·ξ/t.
In the right most member the second term is o(ζ(x, t)) as x2/t→∞ and t→∞. On the other
hand it holds that
F x,tK (εt+ 4) ≤ cKζ(x, t)ε,
as is deduced immediately from Lemma 4.4 along with (4.20) if RAx > t and by integrating
the inequality of Lemma 4.7 over 4 < s < δt if RAx ≤ t. These together yield the upper bound
of F x,tK (t) for the asserted equality since ε may be chosen arbitrarily small. The lower bound
is verified immediately by Lemma 4.6 (i). The proof is complete.
4.2.4. Proofs of Theorems 3.5 and 4.3. Remember the measures mK,e(dξ) given in
(3.39) and
µKt,x(dξ) =
e−ve·ξHK(x, t; dξ)
vpt(x)
(e = x/x, v = x/t)
(see Section 3.2). According to Proposition 4.1, for any compact set K, as x/t → ∞ and
t→∞
E0[vold(SK(t))|Bt = x]/x = µKt,x(∂K) + o(1). (4.58)
Lemma 4.8. If E ⊂ ∂K is compact, then µKt,x(E) is asymptotically dominated by vold−1(preE)
in the sense that
lim sup
x/t→∞, t→∞
µKt,x(E) ≤ vold−1(preE). (4.59)
In particular,
lim sup
x/t→∞, t→∞
µKt,x(∂K) ≤ mK,e(〈K〉e). (4.60)
Proof. From the inclusion E ⊂ ∂K it follows that HK(x, t; dξ) ≤ HE(x, t; dξ) for dξ ⊂ E since
Brownian paths that hits ∂K \E before E may contribute to HE but never to H∂K |E. Hence
µKt,x(E) ≤ µEt,x(E).
If E is compact, then by (4.58) µEt,x(E) is asymptotically dominated by E[vold(SE(t))|Bt =
x]/x, which in turn is asymptotically dominated by vold−1(preE) owing to Corollary 4.3.
Lemma 4.9. For any Borel set E ⊂ 〈K〉e, if vold−1(∂d−1(preE)) = 0, then
lim sup
x/t→∞, t→∞
µKt,x(E) ≤ mK,e(E). (4.61)
Proof. Let E denote the closure of E ⊂ 〈K〉e in Rd. Then, noting that preE is compact, we
have
preE = preE.
Hence, from the assumed condition onE in the lemma it follows thatmK,e(E) = vold−1(preE) =
vold−1(preE), and applying Lemma 4.8 with E in place of E we obtain (4.61).
The next lemma can be shown either directly or as in the proof of Lemma 4.8 (with the
help of Proposition 4.1 and Corollary 4.4).
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Lemma 4.10. Suppose that 〈K〉e lies on a plane perpendicular to e. Then as x/t → ∞ and
t→∞, µKt,x =⇒ mK,e, in which the two sides of 〈K〉e are distinguished and the measure mK,e
is considered to be concentrated in the +e side of 〈K〉e.
Proof of Theorem 3.5. For the proof of (3.42) it suffices to show that
lim inf
x/t→∞, t→∞
µKt,x(〈K〉e) ≥ mK,e(〈K〉e). (4.62)
Indeed, this together with (4.60) entails limµKt,x(〈K〉e) = mK,e(〈K〉e). Hence the first condition
for (3.42), i.e., limµKt,x(∂K \ 〈K〉e) = 0, follows from Proposition 4.1 (see (4.58)) and Corollary
4.3 combined, and the other condition (3.44) from Lemma 4.9 and (4.62) since
∂d−1[pre(〈K〉e \ E)] ⊂ ∂d−1(preE) ∪ ∂d−1(pre〈K〉e) for E ⊂ 〈K〉e,
hence (4.61) is valid for 〈K〉e \ E in place of E owing to the assumption (3.41).
The proof of (4.62) will be carried out by employing Lemma 4.3 and to this end we bring
in an auxiliary set, W say, that contains K.
Let Vβ = {z ∈ Rd : z · e ≥ −β} for β > 0 chosen so that K ⊂ Vβ, and put
Lξ = {ξ − se : s ≥ 0} ∩ Vβ for ξ ∈ 〈K〉e and W = ∪ξ∈〈K〉eLξ.
Note that K ⊂W , 〈W 〉e = 〈K〉e and W is compact. Let
D = W ∩ ∂Vβ and C = ∂W \ (〈K〉e ∪D).
Then C,D and 〈K〉e together make up the decomposition of ∂W .
Now consider the limit procedure as t → ∞, x/t → ∞. Due to the inclusion K ⊂ W we
have the inequality µWt,x(dξ) ≤ µKt,x(dξ) for dξ ⊂ 〈K〉e. For the proof of (4.62) it therefore
suffices to show that
lim inf µWt,x(〈K〉e) ≥ mW,e(〈K〉e). (4.63)
Corollary 4.4 entails lim inf E0[SW (t) |Bt = x]/x ≥ mW,e(〈K〉e), and writing the expectation
on the left as in (4.58) (according to Proposition 4.1) we find
lim inf µWt,x(∂W ) ≥ mW,e(〈K〉e). (4.64)
Since
preC = dis-cte(K),
the assumption (3.41) implies vold−1(preC ) = 0; hence E0[SC(t)|Bt = x] = o(x) owing to
Lemma 4.3, which in turn shows that µWt,x(C) ≤ µCt,x(C) → 0. By Lemma 4.10 µWt,x(D) → 0.
Combined with (4.64) these together show (4.63), as desired.
Proof of Theorem 4.3. This is now clear from Theorem 3.5 and Proposition 4.1.
5 Brownian motion with a constant drift
The law of a Brownian motion with a constant drift is absolutely continuous relative to the
law of a standard Brownian motion with a Radon-Nikodym derivative of a simple form and
the results obtained so far is translated to those for the Brownian motion with a constant drift
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as exhibited below. The Brownian bridge P0[ · |Bt = xe] with v := x/t kept away from zero
being comparable or similar to the process Bs − sve, 0 ≤ s ≤ t, we in particular derive from
the results for the bridge in (vi), (vii) and (viii) of Section 1 the corresponding ones, (vi′), (vii′)
and (viii′) say, for the latter.
We fix a unit vector e ∈ ∂U(1) (d ≥ 2). Given v > 0, we put v = ve and label with
the superscript (v) the objects defined by means of Bt − vt in place of Bt; in particular,
B
(v)
t := Bt − vt. Let A be a bounded Borel set and consider
H
(v)
A (x, t; dξ) = Px
[
B
(v)
σ(v)(A)
∈ dξ, σ(v)A ∈ dt
]
/dt.
We put γ(·) = −v (constant function) and Z(t) = e
∫ t
0 γ(Bu)dBu− 12
∫ t
0 γ
2(Bu)du. Then, for a bounded
continuous function ψ on [0,∞)× ∂A,∫
[0,∞)×∂A
ψ(u, ξ)H
(v)
A (x, u; dξ)du = Ex[Z(σA)ψ(σA, Bσ(A))]
owing to the Cameron-Martin formula. Since with Px-probability one
Z(σ(A)) = exp
{
− v · Bσ(A) + v · x− 12v2σA
}
,
we obtain
H
(v)
A (x, t; dξ) = e
v·x− 1
2
v2te−v·ξHA(x, t; dξ). (5.1)
In the regime x/t→ 0, we have a simple asymptotic expression of HA(x, t; dξ) (see Section
3.1.3); in particular, on taking a ball (d ≥ 3) or a disc (d = 2) for A, this leads to a quite
explicit expression of Px[σ
(v)
U(a) ∈ dt]/dt as well as H(v)U(a)(x, t; dξ) as is exhibited in [28, Section
7].
In below we restrict ourselves to the case when x is located not far from vt. On writing
x = vt+ y, (5.1) together with the first formula in (vi) of Section 1 yields
(vi′) H(v)A (x, t; dξ) ∼ R2νA Λν(RAv)(2πt)−d/2ev·y−v·ξλA(x/t; dξ) (dξ ⊂ ∂A)
(as t→∞) with λA(v; dξ) defined in (4.16).
Let K be a compact set of Rd. From the fact that the law of Brownian bridge does not
depends on the strength of drift, we have
E0
[
vold(S
(v)
K (t))
]
=
∫
Rd
E0[vold(SK(t)) |Bt = z]p(d)t (x− v t)dz. (5.2)
Noting that an overwhelming contribution to the integral comes from a relatively small range
vt+ U(tα) with any α such that 1/2 < α < 1 we infer from the second formula of (vi) that as
t→∞, uniformly for v in a bounded interval,
(vi′′) E0
[
vold(S
(v)
K (t))
]
∼
(
R2νK Λν(RKv)
∫
∂K
e−v·ξλK(v, dξ)
)
t.
By the continuity of λK(v, dξ) in v at v = 0 and the expression of λK(0, dξ) given in (4.16)
the coefficient of t on the right-hand side above is asymptotic, as v ↓ 0, to
π/ lg(1/v) or Cap(K) according as d = 2 or d ≥ 3.
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For the case of a disc/ball it follows from (1.12) that
E0 [vold(S
(v)
U(a)(t))] ∼
(
a2νΛν(av)
∫
∂U(1)
e−av·ξgav(θξ,v)m1(dξ)
)
t
with gα(θ) given in (2.7) of Section 2. Here θξ,v denotes the angle that ξ forms with v.
Consider the case when v →∞ as well as t→∞. Let K satisfy the condition (3.41), i.e.,
vold−1
(
dis-cte(K)
)
= 0. Suppose also that vold−1(preK) > 0 for simplicity. Then, substituting
t+ τ (with |τ | << t) for t in (5.1), and comparing the resulting formula with
pt+τ (vt) = pt(vt) exp
{1
2
v2τ
(
1− τ
t
+
τ 2
t2
− · · ·
)}
,
we infer from (vii) that uniformly for τ in a finite interval, as v → ∞ with v/t → 0 (so that
the ratio v · ξ/t as well as the third term in the exponent tends to zero)
(vii′) H(v)K (x, t+ τ ; dξ) ≈ vpt(vτ)mK,x/x(dξ) (dξ ⊂ ∂K)
for x = vt, which may be broken into the two relations
q
(v)
K (x, t+ τ) ∼ vpt(vτ)vold−1(prx/xK) (5.3)
and
Px[B
(v)
t ∈ dξ | σ(v)K = t+ τ ] =⇒
mK,x/x(dξ)
vold−1(prx/xK)
. (5.4)
In these formulae, as is readily ascertained, we may take x = vt+y in place of x = vt, provided
that |y|2/t→ 0.
From (viii) and (5.2) it also follows that as v →∞ and t→∞
(viii′) E0
[
vold(S
(v)
K (t))
]
∼
[
vold−1(preK)
]
vt (v = ve).
Formula (5.4) (at least with τ = 0) (as well as (viii′)) is intuitively comprehensible, but
it (as well as (5.3)) is not true (for τ 6= 0) if v/t is bounded away from zero when the ratio
Px[σ
(v)
∆1
∈ t + dτ ]/Px[σ(v)∆2 ∈ t + dτ ] does not approaches unity, where ∆1 and ∆2 are any (but
distinct) two fixed hyperplane perpendicular to e.
6 Miscellaneous estimates concerning σA
The arguments presented in this section are made independently of those of preceding sections
other than Section 2. Throughout this section A denotes a bounded and non-polar Borel set
of Rd and put RA = sup{|y| : y ∈ Ar}.
6.1 Uniform estimates for eA(x)/Px[σ∂U(r) < σA]
Here we discuss a part of classical potential theory in two dimensions related to the function
eA(x) and thereby prove Lemma 3.3. Most of what are presented below are known but some
as given in Proposition 6.1 do not seem to be found in the existing literature.
Let d = 2. Hunt [12, Section 5.5] defines eA(x) by
eA(x) = πgΩA(x,y) + lg |x− y| −Ex[ lg |Bσ(A) − y|] (6.1)
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(H is written for eA/π in [12]). Here gΩA stands for the Green function for the set ΩA: it may
be expressed as
gΩA(x,y) =
∫ ∞
0
Px[Bt ∈ dy, σA > t]
|dy| dt (x,y ∈ ΩA),
where | · | designates the Lebesgue measure on R2; for x 6= y, gΩA(x,y) is symmetric and
jointly continuous in x and y in the interior of ΩA and tends to zero as x (or y) approaches
Ar (readers may refer to [1]: Section 2.3 for a precise definition, and Section 2.4 for the above
expression of gΩA and the properties of it). The function eA(x) is defined for all x ∈ ΩA and
independent of y ∈ ΩA (this fact is seen from the arguments developed for (6.4) below). It
follows that
eA(x) = π lim|y|→∞
gΩA(x,y); (6.2)
in particular eA is harmonic in the interior of ΩA. Lemma 3.3 follows from the following
proposition by using (1 + x)−1 > 1− x, x > 0.
Proposition 6.1. For r > RA and x ∈ ΩA ∩ U(r),
Px[σ∂U(r) < σA] =
eA(x)
lg(r/RA)
(
1 +
mRA(eA)
lg(r/RA)
(1 + δ)
)−1
(6.3)
with −2(R−1A r + 1)−1 ≤ δ ≤ 2(R−1A r − 1)−1. Here mR(eA) =
∫
∂U(R)
eA(ξ)mR(dξ).
In below we shall derive from (6.1) several formulae that relate Px[σ∂U(r) < σA] and eA;
Proposition 6.1 will be among them (see Corollary 6.1). They are based on and refine the fact
that for each R > RA, uniformly for x ∈ U(R) ∩ ΩA
(lg r)Px[σ∂U(r) < σA]→ eA(x) as r →∞ (6.4)
(cf. [23, Theorem 11.2.14], where A may be unbounded). Put Ωr = U(r) \ Ar and let τ(Ωr)
denote the first exit time from Ωr. We give a proof of (6.4) resting on the well-known identity
0 = πgΩr(x,y) + lg |x− y| −Ex[ lg |Bτ(Ωr) − y| ] (x,y ∈ Ωr,x 6= y). (6.5)
We break the last expectations in (6.1) and (6.5) into two parts according as σ∂U(r) is larger or
smaller than σA. Noting that BσA agrees with Bτ(Ωr) a.s. on the event σA < σ∂U(r) we observe
Ex[lg |Bτ(Ωr) − y|]−Ex[lg |Bσ(A) − y|]− (lg r)Px[σ∂U(r) < σA] (6.6)
= Ex[lg |Bτ(Ωr) − y| − lg r ; σ∂U(r) < σA]− Ex[lg |Bσ(A) − y| ; σ∂U(r) < σA],
of which each of the expectations on the right-hand side approaches zero as r → ∞. Using
this equality we find that
eA(x)− (lg r)Px[σ∂U(r) < σA] = RHS of (6.1)− (lg r)Px[σ∂U(r) < σA]− RHS of (6.5)
= π[gΩA(x,y)− gΩr(x,y)] + RHS of (6.6)
and readily conclude (6.4) and incidentally that the right side of (6.1) is independent of y.
We bring in the function
e¯A,R(x) = Ex[eA(Bσ(U(R)))] (x ≥ R ≥ RA).
The following lemma is essentially a corollary of (6.4).
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Lemma 6.1. Whenever x ≥ R ≥ RA,
eA(x) = lg(x/R) + e¯A,R(x). (6.7)
Proof. For x with R < x < r,
Px[σ∂U(r) < σA] = Px[σ∂U(r) < σ∂U(R)] (6.8)
+
∫
∂U(R)
Px[σ∂U(R) < σ∂U(r), Bσ(U(R)) ∈ dξ]Pξ[σ∂U(r) < σA],
and, noting that the first term on the right-hand side equals lg(x/R)/ lg(r/R), we multiply
lg r, let r →∞ and apply (6.4) to obtain (6.7).
Lemma 6.2. Let r > R ≥ RA and x ∈ ΩA ∩ U(r). Then
eA(x) = Px[σ∂U(r) < σA]
(
lg(r/R) + Ex[e¯A,R(B∂U(r)) | σ∂U(r) < σA]
)
. (6.9)
Proof. Take r∗ > r and apply the strong Markov property to see that
Px[σ∂U(r∗) < σA] = Px[σ∂U(r) < σA]
∫
∂U(r)
Pξ[σ∂U(r∗) < σA]µr,x(dξ), (6.10)
where
µr,x(dξ) = Px[Bσ(∂U(r)) ∈ dξ | σ∂U(r) < σA].
Then multiply the both sides by lg r∗, let r∗ → ∞ and apply first the formula (6.4) with r∗
in place of r, and then (6.7) to eA(ξ) that comes up on the right-hand side under the integral
sign, and one then finds the identity of the lemma.
By using an explicit form of the Poisson kernel for ΩU(R) = {z ∈ Rd : |z| > R}, we have
for y ∈ ∂U(r)
r −R
r +R
≤ Py[Bσ(U(R)) ∈ dξ]
mR(dξ)
≤ r +R
r − R (r > R),
entailing mR(eA)
r−R
r+R
≤ e¯A,R(y) ≤ r+Rr−R mR(eA), which combined with Lemma 6.2 yields
Corollary 6.1. For r > RA and x ∈ ΩA ∩ U(r),
mRA(eA)
r −RA
r +RA
≤ eA(x)
Px[σ∂U(r) < σA]
− lg
( r
RA
)
≤ mRA(eA)
r +RA
r −RA . (6.11)
Rearranging the inequalities (6.11) leads to Proposition 6.1 (write down it as the lower and
the upper bounds of the ratio eA(x)/Px[σ∂U(r) < σA] and take the reciprocal). It is noted that
taking x from ∂U(r) in it (or rather directly from (6.7)) we have for x > RA
mRA(eA)
x− RA
x+RA
≤ eA(x)− lg
( x
RA
)
≤ mRA(eA)
x+RA
x− RA . (6.12)
The second inequality of (6.11) entails eA(x) ≤ α+mRA(eA)(1+α−1) (α > 0, x < (1+α)RA),
from which we deduce that
eA(x) ≤ 2
√
2mRA(eA) +mRA(eA) for x ∈ ∂U(RA). (6.13)
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Combining this with (6.12) leads to the bound (3.22).
The identity (6.7) shows
lim
x→∞
(eA(x)− lg x) = − lgR +mR(eA). (6.14)
Since the left side is independent of R, the right-hand side must be a constant depending only
on A, which, known as Robin’s constant associated with A, we denote by V (A):
V (A) = − lgR +mR(eA). (6.15)
Since gΩA is symmetric, letting x→∞ in (6.1) we find another (rather classical) representation
V (A) = eA(y)−
∫
∂A
lg |ξ − y|H∞A (dξ), y ∈ ΩA. (6.16)
Using formula (6.16) instead of (6.7) in the very last step of the proof of Lemma 6.2, we
deduce from (6.10) that
eA(x) = Px[σ∂U(r) < σA]
[
V (A) +
∫
∂U(r)
µr,x(dξ
′)
∫
∂A
lg |ξ − ξ′|H∞A (dξ)
]
.
The repeated integral in the large square brackets may be written as lg r + δ(r) with |δ(r)| ≤
| lg(1− RA/r)|. Thus
|eA(x)/Px[σ∂U(r) < σA]− V (A)− lg r| ≤ − lg(1− RA/r),
which in terms of the logarithmic capacity defined by
lcap(A) = e−V (A) (6.17)
(normalized so that lcap(U(a)) = a) may be expressed as in the following
Proposition 6.2. For r > RA and for x ∈ ΩA ∩ U(r)∣∣∣∣ eA(x)Px[σ∂U(r) < σA] − lg
( r
lcap(A)
)∣∣∣∣ ≤ − lg (1− RAr
)
. (6.18)
By virtue of (6.15) the twin inequalities of Corollary 6.1 may be written as
−2mRA(eA)
r/RA + 1
≤ eA(x)
Px[σ∂U(r) < σA]
− lg
( r
lcap(A)
)
≤ 2mRA(eA)
r/RA − 1 ,
which combined with Proposition 6.2 yields
Corollary 6.2. If 2RA < x ≤ r, then for some universal constant C,∣∣∣∣ eA(x)Px[σ∂U(r) < σA] − lg
( r
lcap(A)
)∣∣∣∣ ≤ C[1 ∧mRA(eA)]RAr .
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6.2 An upper bound of qA (d ≥ 3)
Let d ≥ 3 and κd, κ′d, κ′′d etc. designate constants that depends only on d, whose precise values
are not important to the present purpose and may vary from line to line. In this subsection
we prove
Proposition 6.3. For t ≥ R2A and x ∈ ΩA,
qA(x, t) ≤ κdCap(A)Λν(2RAx/t)p(d)t (x).
(Cap(A) is the Newtonian capacity defined in Section 3.1.1.)
The factor Λν(2RAx/t) in Proposition 6.3 may be replaced by Λν(Rx/t) if R > RA (but
with κd depending on R) but not by Λν(RAx/t), for if replaced, the factor Cap(A) is possibly
too small for the inequality to be valid. This is caused by the concentration of the measure
HU(RA)(x, t; dξ) at RAx/x as x/t→∞. (Compare with the result for d = 2 given in Proposition
6.4.)
The proof consists of several lemmas.
Lemma 6.3. Put ηx = ηA,x = dist(x, A
r). Then for all x ∈ ΩA and t ≥ 0,
Px[t < σA <∞] ≤ κd
(t ∨ η2x)ν
Cap(A).
Proof. Put µt,x(dξ) = Px[Bσ(A) ∈ dξ, t < σA <∞]. If ϕ is a positive Borel function,∫
µt,x(dξ)
∫
ϕ(z)G(d)(|ξ − z|)|dz|
= Ex
[ ∫ ∞
0
EBσ(A)[ϕ(Bs)]ds; t < σA <∞
]
= Ex
[ ∫ ∞
σ(A)
ϕ(Bs)ds; t < σA <∞
]
≤ Ex
[ ∫ ∞
t
ϕ(Bs)ds
]
=
∫ ∞
t
ds
∫
p(d)s (x− z)ϕ(z)|dz|.
Taking into account the fact that the potential of µt,x is lower semi-continuous and maximized
on the set Ar, from the inequality above we infer that∫
G(d)(|ξ − z|)µt,x(dξ) ≤ sup
z∈Ar
∫ ∞
t
p(d)s (z− x)ds
≤
∫ ∞
t
p(d)s (ηx)ds =
1
(2π)d/2ηd−2x
∫ ηx/√t
0
ud−3e−u
2/2du.
We integrate the left-most member w.r.t. z with the equilibrium measure of A, denoted by
µA. The integration results in
∫
Pξ[σA < ∞]µt,x(dξ), which in turn equals the total charge
of µt,x since µt,x is concentrated on A
r. On the other hand the right-most member that is
independent of z is evaluated to be at most κd(
√
t∨ ηx)−(d−2) = κd[t∨ η2x]−ν , which multiplied
by µA(A¯) = Cap(A) thus dominates µt,x(A
r) = Px[t < σA <∞], yielding the inequality of the
lemma.
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Lemma 6.4. Let ηx = dist(x, A
r) as above. Then, (i) for all x ∈ ΩA and t ≥ 1,
qA(x, t) ≤ κd(t ∨ η2x)−ν Cap(A);
and (ii) for all t > 0 and x ∈ ΩA with ηx ≥ RA, qA(x, t) ≤ κdCap(A)/RdA.
Proof. Let t ≥ 1. Since then infy∈U(1)(t ∨ η2x+y) ≥ 14(t ∨ η2x), by the preceding lemma we have∫ 2t/3
t/3
qA(x+ y, s)ds ≤ κ′d(t ∨ η2x)−ν Cap(A) for y ∈ U(1),
so that there exists s∗ ∈ [1
3
t, 2
3
t] such that∫
U(1)
qA(x+ y, s
∗)|dy| ≤ 3κ′dt−1(t ∨ η2x)−ν Cap(A). (6.19)
Here we set qA(z, s) = 0 for z /∈ ΩA, s > 0. Denote by τ = τx the first exit time from the ball
x+ U(1). Then by strong Markov property
qA(x, t) =
∫ t−s∗
0
∫
∂U(1)
Px[σA > s, τ ∈ ds, Bτ − x ∈ dξ]qA(x+ ξ, t− s)
+
∫
U(1)
Px[Bt−s∗ − x ∈ dy, τ ∧ σA > t− s∗]qA(x+ y, s∗). (6.20)
By rotational symmetry we have
Px[σA > s, τ ∈ ds, Bτ − x ∈ dξ] ≤ Px[τ ∈ ds, Bτ − x ∈ dξ] ≤ κ′′dm1(dξ)ds, (6.21)
and using this as well as Lemma 6.3 we infer that the first term (i.e., the repeated integral)
is dominated by 4κd(t ∨ η2x)−ν Cap(A). As for the second term we see that for some universal
constant λ > 0, Px[Bt−s∗ − x ∈ dy, τ ∧ σA > t − s∗]/|dy| ≤ Ce−λt, hence the bound (6.19)
yields an estimate enough for the one asserted in (i).
Let RA = 1 and ηx ≥ 1. Putting f(s) = Px[τx ∈ ds]/ds(= P0[τU(1) ∈ ds]/ds) with the same
τx as above, we see that for t < 1, f(1− s) ≥ Cf(t− s) for some C > 0, and
qA(x, 1) ≥
∫ t
0
f(1− s)ds
∫
qA(x+ ξ, s)m1(dξ) ≥ CqA(x, t).
On taking the scaling relations given in (1.14) into account (ii) follows from (i).
The next lemma provides Harnack type estimates for qA.
Lemma 6.5. If 3RA ≤ x ≤ |y| ≤ t/RA, then
qA(y, t) ≤ κd
[
qA(x, t) + Cap(A)R
−d
A e
−y/2RA
]
(y = |y|). (6.22)
Proof. Put R = 3
2
RA and let 2R ≤ |y| ≤ t/RA. We use the representation
qA(y, t) =
∫ t
0
ds
∫
∂U(R)
HU(R)(y, s; dξ)qA(ξ, t− s). (6.23)
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In view of Theorem 2.4 there exist positive constants κ′d, κ
′′
d such that for s > RAy (y = |y|),
κ′d q(y, s;R) ≤ HU(R)(y, s; dξ)/mR(dξ) < κ′′d q(y, s;R). (6.24)
Now let 2R ≤ x < y. Then q(y, s;R) ≤ Cq(x, s;R) (s > 0). Hence, comparing the integral
(6.23) restricted on the interval [RAy, t] with the same integral but with x replacing y we have∫ t
RAy
ds
∫
∂U(R)
HU(R)(y, s; dξ)qA(ξ, t− s) ≤ κ′′d qA(x, t).
On the other hand∫ RAy
0
ds
∫
∂U(R)
HU(R)(y, s; dξ)qA(ξ, t− s) ≤ κdCap(A)
∫ RAy
0
q(y, s;R)ds
≤ κ′′′d Cap(A)pRAy(y),
where Lemma 6.4 (ii) and Theorem 2.2 (or rather (2.6)) are applied for the first and second
inequalities, respectively. Since pRAy(y) ≤ R−dA e−y/2RA , we obtain (6.22) as desired.
Lemma 6.6. If x/RA > (t/R
2
A)
1/d > 1, then qA(x, t) ≤ κdCap(A)t−d/2.
Proof. We may suppose RA = 1/3 and x > 1. The proof parallels that of Lemma 6.4 but this
time we consider the hitting of the ball U(1) (instead of the exiting from x + U(1)), choose
s∗ ∈ [1
3
t, 2
3
t] so that
qA(ξ0, s
∗) ≤ κdt−1(t ∨ η2x0)−νCap(A) (6.25)
with any fixed ξ0 ∈ ∂U(1) (which is possible owing to Lemma 6.3) and look at the decompo-
sition
qA(x, t) =
∫ t−s∗
0
ds
∫
∂U(1)
HU(1)(x, s; dξ)qA(ξ, t− s)
+
∫
y/∈U(1)
Px
[
Bt−s∗ ∈ dy, σU(1) > t− s∗
]
qA(y, s
∗). (6.26)
On applying Lemma 6.5 (with ξ0, s
∗ in place of x, t) and (6.25) in turn we deduce that
qA(y, s
∗) ≤ κd[qA(ξ0, s∗) + Cap(A)e−y/2RA ] ≤ κ′dCap(A)(t−d/2 + e−y).
Since Ex[e
−|Bs|] ≤ ps(0)
∫
e−|y||dy| ≤ Cs−d/2, the second term on the right-hand side of (6.26)
is dominated by a constant multiple of t−d/2Cap(A).
With the help of p
(d)
s (x) ≤ p(d)x2/d(x) = (d/2πe)d/2x−d, we infer from Corollary 2.1 that
q(x, s; 1) ≤ κdx−d if s ∧ x ≥ 1. (6.27)
Together with (6.24) this shows that the inner integral of the repeated integral of the first term
is at most κdx
−d ∫ qA(ξ, t− s)m1(dξ) if s > x, whereas it is at most κdCap(A)e−(x−1)2/3s for all
s > 0, x > 2 in view of Lemma 6.4 (ii). Hence, on employing Lemmas 6.3 for the integral over
s ∈ [x, t − s∗] (if x < t− s∗) as well as the assumption of the present lemma the first term is
dominated by Cap(A) times κ′dt
−νx−d ≤ κ′dt−d/2 as desired.
Lemma 6.7. If t > R2A, then for all x ∈ ΩA,
qA(x, t) ≤ κdCap(A)t−d/2.
47
Proof. Suppose RA = 1/2 for simplicity. Owing to the preceding lemma it suffices to show the
inequality for x ≤ t1/d. For r > 1/2 we make decomposition
qA(x, t) =
∫ t/2
0
∫
∂U(r)
Px
[
Bs ∈ dξ, σ∂U(r) ∈ ds, s < σA
]
qA(ξ, t− s)
+
∫
U(r)∩ΩA
Px
[
Bt/2 ∈ dy, 12t < σ∂U(r) ∧ σA
]
qA(y,
1
2
t). (6.28)
Taking r = 1 in it, we observe that the range of x may be further restricted to x > 2RA = 1.
Indeed, for x ≤ 1, estimation of the first term on the right is reduced to that in the case x = 1
and the second term is at most κdCap(A)e
−λt owing to Lemma 6.4 (ii).
Now let 1 ≤ x ≤ t1/d and put r = 2t1/d in (6.28). Then in the right-hand side of the
decomposition the second term is at most κde
−λt/r2Cap(A) for some constant λ > 0 owing to
the bound qA(· , t) ≤ κdCap(A) (t ≥ 1), whereas Lemma 6.6 shows that the repeated integral
is dominated by κdt
−d/2Cap(A). Thus Lemma 6.7 has been proved.
Combined with Corollary 2.1 as well as with the last lemma the following one, virtually a
corollary of Lemma 6.6, concludes the proof of proposition 6.3.
Lemma 6.8. There exists a constant κd such that if x ≥
√
t ≥ 2RA, then
qA(x, t) ≤ κdCap(A)
R2νA
q(x, t; 2RA).
Proof. Let RA = 1/2. Recalling (3.7), we apply (ii) of Lemma 6.4 and Corollary 2.2 in turn
we deduce that for x > t,
qA(x, t) ≤ κ′dCap(A)
∫ t
0
q(x, s; 1)ds ≤ κdCap(A)Λν(2x/t)p(d)t (x), (6.29)
hence the upper bound of the lemma in view of Theorem 2.1 and the scaling relation.
For the case x ≤ t we split the outer integral in the right-hand side of (3.7), and write
I[0,t/2] and I[t/2,t] for the corresponding parts (as in Section 3.1). Then applying Lemma 6.6
and Corollary 2.2 we have
I[t/2,t] ≤ κdCap(A)t−d/2
∫ t/2
0
q(x, s; 1)ds ≤ κ′dCap(A)q(x, t; 1).
On the other hand, using Theorem 2.4 and the inequality q(x, t− s; 1) ≤ κ′dq(x, t; 1) (0 < s <
t/2) we obtain that for 1 ≤ x ≤ t,
I[0,t/2] ≤ Cq(x, t; 1)
∫ t/2
0
ds
∫
∂U(1)
qA(ξ, s)m1(dξ) ≤ κ′dq(x, t; 1)
∫
∂U(1)
Pξ[σA <∞]m1(dξ),
Owing to (3.2) the last integral is equals Cap(A)/Cap(U(1)). Thus we obtain the required
bound in the case x ≤ t.
6.3 Some upper bounds of qA (d = 2)
The statements corresponding to Proposition 6.3 for d = 2 are given by the following one.
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Proposition 6.4. There exists a universal constant C such that for t > R2A,
qA(x, t) ≤


C
eA(x)
t[lg(t/R2A)]
2
if 2RA ≤ x <
√
t,
CΛ0(RAx/t)p
(2)
t (x) if x ≥
√
t,
and
qA(x, t) ≤ CβA
t[lg(t/R2A)]
2
if x ∈ ΩA ∩ U(2RA),
where βA = m2RA(eA).
One may follow the proof for d ≥ 3; in place of Lemma 6.3 we can derive the following
bound
Px[σA > t] ≤ CeA(x)/ lg(t/R2A) (x > 2RA, t > R2A)
by an argument analogous to that of the second half of the proof of Lemma 6.7 (applied to
Px[σA > t] in place of qA(x, t)) with the help of Proposition 6.1. However we adopt a somewhat
different method in which the bound above though sharp for itself (if lg x << lg t) is not so
useful. The arguments set forth in below rests on the trivial bound
∫ t2
t1
qA(x, s)ds ≤ 1; on using
it in place of Lemma 6.3 the same proof of Lemma 6.4 leads to
Lemma 6.9. If t ∨ dist(x, Ar) ≥ 1,x ∈ ΩA, then qA(x, t) ≤ C0 for some universal constant
C0.
Proposition 6.5. There exists a universal constant C such that for t > R2A and x ∈ ΩA,
qA(x, t) ≤
{
C/t lg(t/R2A) if x <
√
t,
Cq(x, t; 2RA) if x ≥
√
t.
Proof. Suppose RA = 1/2 for simplicity and let R = 2RA = 1. We split the outer integral in
(3.7) at t/2 and make the decomposition
qA(x, t) = I + II (x > 1), (6.30)
where
I =
∫ t/2
0
ds
∫
U(1)
HU(1)(x, t− s; dξ)qA(ξ, s)
and
II =
∫ t/2
0
ds
∫
U(1)
HU(1)(x, s; dξ)qA(ξ, t− s).
We shall apply the following bounds
Px[σU(1) < t] ≍ 1
1 ∨ lg t
(
1 ∨ lg t
x2
)
if t > x2 > 1, (6.31)
≍ t
2
x2
Λ0
(
x
t
)
p
(2)
t (x) if x
2 ≥ t > 1/4, (6.32)
which are deduced from Theorems 2.2 and 2.3 (cf. Corollary 14 of [27]).
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First of all we point out two facts that are easy to verify. Firstly, using (6.32) as well as
Lemma 6.9 we deduce as in (6.29) that
qA(x, t) ≤ Cq(x, t; 1) for x > t > 1/4, (6.33)
namely the bound of the lemma holds true for x ≥ t. Secondly, use Theorem 2.4 and the
inequality q(x, t − s; 1) ≤ C ′q(x, t; 1) (0 < s < t/2) to obtain that for 1 ≤ x ≤ t, I ≤
C1
∫ t/2
0
ds
∫
∂U(1)
m1(dξ)pA(ξ, s)q(x, t; 1) ≤ C1q(x, t; 1), which combined with (6.33) yields
I ≤ Cq(x, t; 1) for x > 1, t > 1/4. (6.34)
For estimation of II we start with the crude bound
qA(x, t) ≤ C/(x2 ∨ 1) (t > 1/4,x ∈ ΩA). (6.35)
For verification we apply the bound q(x, s; 1) ≤ C ′/x2 valid for all s > 0, x > 1, which is
derived from Theorem 2.1 and Lemma 2.1 in view of x2p
(2)
s (x) ≤ 1. In the decomposition
(6.30) we take x in place of t/2 as the splitting point of the integral in (3.7) and, by using
Theorem 2.4, observe that for x < t
qA(x, t) ≤ C ′
∫ t
x
ds
∫
U(1)
m1(dξ)q(x, s; 1)qA(ξ, t− s) + C0
∫ x
0
q(x, s; 1)ds,
of which the first term on the right-hand side is dominated by C ′′/(x2 ∨ 1) and the second one
by C ′′e−x/2 in view of (6.32). Combined with (6.33) this shows (6.35).
On using the expression
qA(x, t) =
∫
ΩA
Px[σA >
1
2
t, Bt/2 ∈ dy]qA(y, 12t) (6.36)
the bound (6.35) entails
qA(x, t) ≤
∫
R2
p
(2)
t/2(y− x)
C
|y|2 ∨ 1 |dy| (t > 1/4, x > 1).
The integral on the right-hand side attains the maximum at x = 0 and an easy computation
shows that it is O(t−1 lg t). By continuity the bound is valid for x = 1. Thus
qA(ξ, t) ≤ C ′1 ∨ lg t
t
ξ ∈ ∂U(1). (6.37)
Substitution into the expression that defines II yields
II ≤ C ′Px[σU(1) < 12t]
1 ∨ lg t
t
. (6.38)
Using (6.31) and (6.32), we infer that
II ≤ C
t
(
1 ∨ lg t
x2
)
e−(x−1)
2/t (x > 1, t > 1/4). (6.39)
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This together with the bound (6.34) of I gives an upper bound of qA(x, t). Noting that the
upper bound of II above is also an upper bound of q(x, t; 1) on x <
√
t, we substitute for
qA(y, t/2) in (6.36) the bound of it just obtained and observe that for ξ ∈ ∂U(1),
qA(ξ, t) ≤ C1
∫
|y|<√t
p
(2)
t/2(|y − ξ|)
1 + lg(t/|y|2)
t
|dy|+ C1
t
∫
|y|≥√t
p
(2)
t/2(|y − ξ|)|dy|
≤ C2
t
. (6.40)
We have derived (6.39) from (6.37) and then (6.40) from (6.39). Repeating the same
procedure once more but with the bound (6.40) in place of (6.37), we plainly gain the factor
of 1/ lg t for the right-hand sides of (6.39) and (6.40). The resulting bound of II being also an
upper bound of q(x, t; 1) for x <
√
t, we can repeat it further once, which results in
II ≤ C
t(1 ∨ lg t)2
(
1 ∨ lg t
x2
)
e−(x−1)
2/t (x ≥ 1, t > 1/4). (6.41)
Combined with (6.34) again this shows the bound of the lemma for x > 1. The case x ≤ 1 can
be easily reduced to the case x = 1 owing to the bound qA(x, t) < C0 (x ∈ ΩA, t > 1) (see the
second paragraph of the proof of Lemma 6.7). The proof of Proposition 6.5 is complete.
Proof of Proposition 6.4. Since eA(x) ≥ lg(x/RA) for x > RA owing to (6.7), the first bound of
the proposition follows from Proposition 6.5 in the case x > t1/4 (note that q(x, t; 1) ≍ 1/t lg t
uniformly for tδ < x <
√
t with any δ > 0). On the other hand, on employing Proposition 6.1 as
well as Proposition 6.5, we make the same argument as in the second half of the proof of Lemma
6.7 but with r = 2t1/4 instead of r = 2t1/d to obtain the asserted bound for 2RA ≤ x ≤ t1/4.
The last bound is deduced from what we have just proved. For, if we let RA = 1, then
using the decomposition (3.13) with T =
√
t and r = 2 (and with d = 2) leads to
qA(x, t) ≤ sup
ξ∈∂U(2),s<√t
qA(ξ, t− s) + Ce−λ
√
t,
by which the stated deduction is immediate.
It remains to show that
qA(x, t) ≤ κdq(x, t;RA) for x ≥ t/RA.
(Note that here we are concerned with σU(RA) instead of σU(2RA).) For the proof we make
use of Theorem 2.4, which entails that there exists a family of Borel measures on ∂U(a), say
(µv(dξ),v ∈ R2), such that µv(∂U(a)) < C and
HU(a)(x, s; dξ) ≤ q(x, t; a)µax/t(dξ) if t/2 < s < t. (6.42)
Let RA = 1/2 as in the proof of Lemma 6.10 and define I and II as in (6.30) but with U(
1
2
)
in place of U(1). Since
∫ t/2
0
qA(ξ, s)ds ≤ 1 for all ξ ∈ ∂U(12 ) (where qA(ξ, ·) is regarded as the
Dirac delta function if ξ ∈ Ar), (6.42) immediately gives the required bound for I in (6.30),
whereas (6.38) (together with (6.31) with s = t/2) provides a bound of II sufficient for the
present purpose.
We remark that the method used in the proof of Proposition 6.5 can be applied for the case
d ≥ 3 although equally involved as a whole.
51
It is also remarked that the procedure mentioned in the last step of the proof of Proposition
6.5 may be applied once more. This no longer yields a better bound of qA(ξ, t), ξ ∈ ∂U(1), for
on the interval
√
t/e < x < M
√
t with any M > 1, q(x, t; 1) is larger than a positive multiple
of the bound of II in (6.41) and gives rise to a term which is the same order as 1/t lg t. If we
apply Proposition 6.4 however we can obtain a better bound of II but with the extra factor
βA, which result we state as a lemma.
Lemma 6.10. With some universal constant C and βA = m2RA(eA)∫ t/2
0
∫
∂U(R)
HU(R)(x, s; dξ)qA(ξ, t− s)ds ≤ CβA
t(lg t)3
(
1 ∨ lg t
x2
)
e−x
2/t (x > RA, t > R
2
A).
6.4 A lower bound of Px[σA < t] in case x/t > 1
Let
λ(A) =
{
R−1A Cap(A× [−RA, RA]) if d = 2,
R−d+2A Cap(A) if d ≥ 3.
(Cap in case d = 2 stands for the three-dimensional capacity.) Note that λ(A/R) = λ(A). The
following result is used in Step 4 of the proof of Lemma 4.4.
Proposition 6.6. For ε ∈ (0, 1/6d], t > 0 and x ≥ (t/RA) ∨RA,
Px[σA < t] ≥ [εκdRdA]λ(A)p(d)t (x) exp{−(RAx/t)[1 + (RAx/t)−
1
2 +RAx
−1 + 6ε]}.
Here κd designates a constant that depends only on d as in Section 6.2.
Before proceeding to the proof of Proposition 6.6 we present an upper bound.
Lemma 6.11. For any ε > 0 there exists a constant C such that for x > (1 + ε)RA and for
t > 0 if d ≥ 3 and 0 < t < R2A if d = 2,
Px[σA < t] ≤ Cλ(A)Px[σU((1+ε)RA) < t].
Proof. Let RA = 1. If d ≥ 3, then on writing the probability Px[σA < t] as the double integral∫ t
0
ds
∫
∂A
Pξ[σA < t−s]HU(1+ε)(x, s; dξ) the inequality follows from the Harnack inequality that
shows Pξ[σA <∞] ≤ Cε,dCap(A), ξ ∈ ∂U(1 + ε). As for the case d = 2 we have
Px[σA < t] = P
BM(3)
(x,0) [σA×R < t] < C
′PBM(3)(x,0) [σA×[−1,1] < t]
for t < 1 with C ′ = 1/PBM(1)0 [σ[R\[−1,1] ≥ 1], where PBM(d)y denotes the law of d-dimensional
Brownian motion started at y, and the result follows from that for d = 3.
For the proof of Proposition 6.6 we show two preliminary lemmas.
Lemma 6.12. Let d ≥ 3. Then
∫
U(RA)
Py[σA < R
2
A]|dy| ≥ κdR2ACap(A).
Proof. Let RA = 1 and put ϕ(y) = Py[σA ≤ 1/2]. Then on the one hand∫
U(1)
Py[σA < 1]|dy| ≥
∫
U(1)
|dy|
∫ 1/2
0
ds
∫
∂U(1)
H∂U(1)(y, s; dξ)ϕ(ξ) = Cm1(ϕ), (6.43)
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where mr(ϕ) =
∫
ϕdmr and C =
∫
U(1)
Py[σ∂U(1) <
1
2
]|dy|. On the other hand, making decom-
position Cap(A)/Cap(U(1)) = Pm1 [σA < ∞] = m1(ϕ) +
∑∞
k=1 Pm1 [
1
2
k < σA ≤ 12(k + 1)], we
deduce
Pm1 [
1
2
k < σA ≤ 12(k + 1)] ≤ Em1 [ϕ(Bk/2)]
≤ 1
(πk)d/2
(∫
U(1)
ϕ(y)|dy|+ ωd−1
∫ ∞
1
mr(ϕ)r
d−1dr
)
for k ≥ 1. Noting mr(ϕ) ≤ [
∫ 1/2
0
q(r, s; 1)ds]m1(ϕ), we apply Lemma 2.1 to evaluate the second
integral in the big parentheses to be bounded above by a constant multiple of m1(ϕ). Now
employing (6.43) we conclude that Cap(A) ≤ C ∫
U(1)
Py[σA < 1]|dy| as desired.
Lemma 6.13. Let d ≥ 3. Then for t ≤ R2A,∫
U((1+
√
dt)RA)
Py[σA < t]|dy| ≥ κdCap(A)t.
Proof. Let RA = 1. Denote the d-dimensional cube of side r and center x by Q(x, r) and for
lattice points k ∈ Zd put Ak = Q(k, 1) ∩ (Ar/
√
t). Note that Q(k, 1) ⊂ U((1 + √dt)/√t) if
Ak 6= ∅, Then by scaling property of Brownian motion∫
U(1+
√
dt)
Py[σA < t]|dy| =
∫
U(1+
√
dt)
Py/
√
t[σA/
√
t < 1]|dy|
= td/2
∑
k∈Zd
∫
U([1+
√
dt]/
√
t)∩Q(k,1)
Pz[σA/
√
t < 1]|dz|
≥ td/2
∑
k∈Zd
∫
Q(k,1)
Pz[σAk < 1]|dz|
≥ td/2
∑
k∈Zd
κdCap(Ak)
≥ κdtd/2Cap(A/
√
t)
= κdCap(A)t,
where Lemma 6.12 is used for the second inequality and the sub-additivity of the capacity for
the third.
Proof of Proposition 6.6. Suppose d ≥ 3 and write v = x/t. Obviously
Px[σA < t] ≥
∫
Rd
pt−εRA/v(y − x)Py[σA < εRA/v]|dy|.
Let RA = 1. Restricting the range of integration of the integral above to U(1+
√
dε/v) we are
going to apply Lemma 6.13. Using 1/(1 − r) < 1 + 2r (0 < r < 1
2
) and putting α :=
√
dε/v,
we see that if y ∈ U(1 +√dε/v) and ε/x < 1
2
,
|y− x|2
2(t− ε/v) ≤
(x+ 1 + α)2
2t
(
1 +
2ε
tv
)
=
x2
2t
+ v
[
1 + α +
(1 + α)2
2x
+ ε
(
1 +
1 + α
x
)2]
.
Thus if
√
dε <
√
2 − 1 (valid if dε < 1/6) and v > 1 (so that 1 + α < √2) and if x > 1, this
entails
pt−ε/v(y − x) > pt(x)e−v(1+(
√
2−1)v−1/2+x−1+6ε),
and by Lemma 6.13 Px[σA < t] ≥ εκ′dpt(x)e−v(1+v−1/2+x−1+6ε)Cap(A), as desired. The case
d = 2 is reduced to the case d ≥ 3 as in the proof of Lemma 6.11.
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7 Appendix
Let A be a bounded, non-polar, Borel set as before.
A.1. Harmonic measure of heat operator
Here we give a brief exposition of the well known fact that HA(x, t; dξ)dt is the lateral
component of the caloric measure for the exterior of the cylinder with base A. Given t > 0,
the space-time Brownian motion Ys = (Bs, t− s) (0 ≤ s ≤ t) under the law Px is regulated by
the heat operator 1
2
∆ − (∂/∂s). Let Ar designate the set of regular points of A and ΩA the
unbounded component of Rd \ Ar as in Section 1, put
D = ΩA × (0,∞) = {(z, t) : z ∈ ΩA, t > 0}
and consider the following ‘Dirichlet problem’ for the heat operator:
(1
2
∆− ∂
∂t
)
u = 0 on D
u = ϕ on ∂regD := A
r × [0,∞) ∪ ΩA × {t = 0}, (7.1)
where, ϕ is any bounded continuous function on ∂regD and the boundary condition (7.1) is
interpreted in a reasonable way. The caloric measure, µD(x, t, dξds) say, for D at a reference
point (x, t) ∈ D is defined as such a measure kernel that the above boundary value problem
may be solved in the form
u(x, t) =
∫
∂regD
ϕ(ξ, s)µD(x, t; dξds),
whereas the solution to the same problem is represented by the expectation:
u(x, t) = Ex[ϕ(Bσ(A), t− σA); σA < t] + Ex[ϕ(Bt, 0); σA > t].
The first expectation on the right-hand side above is expressed as an integral by the measure
kernel QA(x, dtdξ) given in (1.1). The function u
A(x, t) := Px[σA ≤ t] = Q(x, ∂A × [0, t))
satisfies the heat equation in the interior D◦, hence its partial derivative qA(x, t) = uAt (x, t)
is not only well-defined but smooth in D◦ as is uA; similarly for the derivative HA(x, t; dξ) =
QA(x, dtdξ)/dt. This assures that the caloric measure µD restricted to the lateral part of ∂regD
is written as
µD(x, t; dξdt))
∣∣∣
Ar×[0,∞)
= H(x, t− s; dξ)ds,
thus providing the probabilistic expression of µD (cf. Hunt [12]), the one on the initial boundary
ΩA×{0} being of course given by Px[Bt ∈ dξ, σA > t] (ξ ∈ ΩA). If Rd \Ar is assumed to be a
Lipschitz domain, we know that the measure Q(x, ·) and surface measure on ∂A× (0,∞) are
mutually absolutely continuous [9].
A.2. Asymptotics of the distribution of σA
In below we give some asymptotic estimates of the distribution function Px[σA ≤ t] for
large time only in the case x/t→ 0, when those of the density qA(x, t) are explicit enough. For
the other case Propositions 6.3 and 6.4 would be enough if it is upper bound what one might
need (see also Section 6.4).
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Proposition A.1. Let d ≥ 3. Then, as t→∞ and x/t→ 0
Px[t < σA <∞] = Cap(A)Px[σA =∞]
∫ ∞
t
p(d)s (x)ds(1 + o(1)) (7.2)
uniformly for x ∈ ΩA; and as x→∞ and x/t→ 0
Px[σA ≤ t] = Cap(A)
∫ t
0
p(d)s (x)ds(1 + o(1)). (7.3)
The proposition above follows from Theorem 3.1: (7.2) is immediate, whereas for the proof
of (7.3), if lim x2/t =∞, one may apply Proposition 6.3 to see that Px[σA < t/2] is negligible;
if otherwise, use Px[σA <∞] = Cap(A)G(d)(x)(1 + o(1)) together with (7.2). It is noted that∫ t
0
p(d)s (x)ds =
G(d)(x)
Γ(ν)
∫ ∞
x2/2t
e−yyν−1dy
and similarly for
∫∞
t
p
(d)
s (x)ds.
Proposition A.2. Let d = 2 and ε > 0. Then, uniformly for x /∈ nbdε(Ar), as t → ∞ and
x/t→ 0
(i) Px[σA > t] =
2eA(x)
lg t
(
1 +O
( 1
lg t
))
for x ≤ √t,
(ii) Px[σA ≤ t] = 1
2 lg(t/x)
∫ ∞
x2/2t
e−yy−1dy(1 + o(1)) for x ≥
√
t/ lg t.
Proof. For (i), use
∫∞
t
(1−e−x2/2s)[s(lg s)2]−1ds ≤ Cx2/t(lg t)2. See [27] (the proof of Theorem
15) for (ii).
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